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ABSTRACT 


In Chapter 1 homogeneous dynamo theory is reviewed 
Present observational knowledge of astrophysical magnetic 
fields is summarized, and is shown to provide less support 
for Schuster's hypothesis than the data presented by 
Warwtck (1971). 

In Chapter 2 a review of "mean field electrodynamics" 
is presented, and the dispersion relation for "wave" mean 
fields is discussed. A new terminology is suggested for 
several types of stationary, homogeneous turbulence. 

ine Chapter alt 1s) shown that, to a first approxima— 
tion, stationary, homogeneous turbulence whose average 
properties are invariant under space-time inversion (PT- 
invariant turbulence) cannot support dynamo action in an in- 
compressible fluid. This result is in direct contradiction 
to the work of Lerche and Low (1971). However, "mirror- 
symmetric" turbulence which is not PT-invariant cannot de- 
finitely be ruled out as a source of dynamo action. 

The decay of "wave" mean fields in the presence of 
PT-invariant turbulence is studied. It is shown that 
spatially periodic mean fields can exist only if the correl- 
ation tensor of the turbulence satisfies certain conditions. 
Conditions are also established for validity of the Radler 
(1968) expression for "turbulent magnetic diffusivity", when 


the mean field does not oscillate with time. When the mean 
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field is oscillatory, Radler's techniques are not useful. 
Numerical results are presented for oscillating mean fields, 
showing the relationship between mean field frequency and 
wavelength and the properties of the turbulence. The 
possibility of a "sporadic helicity" dynamo is discussed. 

In Chapter 4 a technique is presented for dealing 
with nonstationary, inhomogeneous turbulence within the 
framework of mean field electrodynamics. The technique is 
applied to the kinematic dynamo problem. 

In Chapter 5 temporal variations of magnetic fields 
are discussed. The Dees kinematic dynamo in a spherical 
shell is studied in detail. It is shown that the dependence 
Ofeea@ (on) ©) near thesspherical boundary) can control the 
time behaviour of the external magnetic field. Integral 
properties of the dynamo equations for more general 
velocity distributions are discussed, and the possibility of 
"boundary-layer control" is considered in detail. It is 
found that in the geodynamo, temporal variations of the 
dipole moment on scales less than ie years may be 
explained by boundary-layer phenomena. 

In Chapter 6 the hydromagnetic dynamo problem is 
studied and the likelihood of "boundary-layer control" in 
the geodynamo is assessed. It is shown that "dipole wobble" 
can be explained as an effect of the slow, systematic 
decrease of the Earth's rate of rotation, if the kinematic 


viscosity at the core-mantle interface is approximately 
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Nor m/sec . Non-periodic variations of the axial dipole 
moment on the time scale of geomagnetic polarity transitions 
can also be explained by this model. 

The effects of inhomogeneous, locally isotropic, 
turbulent forces in the Earth's core are considered. The 
characteristic turbulent length scale and the ratio of the 
diffusion time on this length scale to the effective 
turbulent time scale are important parameters. In most 
cases, a rotation-dependent a-effect is dominant when the 


mean magnetic field is small. 
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1. A GENERAL REVIEW OF DYNAMO THEORY 


1.1 Astrophysical magnetic fields 


1.1.1 Introduction, and summary of observations 


Although large-scale magnetic fields have long been 
an important feature of both planetary physics and astro- 
physics, it is only in recent years that significant pro- 
gress has been made in understanding how these fields are 
generated and maintained. In part, this improved under- 
standing is due to a marked increase in the amount of obser- 
vational data available on astrophysical magnetic fields. 
The fields of interest fall into four broad categories. 

a. "Weak" astrophysical magnetic fields (Table 1) 

This category includes intergalactic, interstellar, 
and interplanetary magnetic fields. Of these, perhaps 
the most interesting from a theoretical point of view is 
the field of order 3-4 x Tom G in the rotating, 
gaseous disk of the Galaxy. 

b. )Planetary magnetic fields (Tables 2 and 3) 


This category includes the poloidal surface fields of 


the Earth (~0.6 G at the magnetic poles) and Jupiter 


In this thesis, SI units will be used as a general rule. 
However, astrophysical magnetic fields will often be quoted 
in gauss (1 G = 104 tesla). See Appendix 1 for a summary 


of the SI system of units. 
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(10-50 G at the magnetic poles). None of the other 
planets have been observed to have magnetic fields, but 
Saturn, Uranus, and Neptune could have undetected fields 
of the order of a few gauss (see section 1.1.3). Mars, 
Venus, and Mercury are thought to be "non-magnetic" 
planets. 
Cee OOfa br emagnetlomelelOs = rane) 

This category includes the general background solar 
field (of the order of a few gauss), and the much 
stronger local fields (up to several thousand gauss) 
observed in magnetically active regions. 

d. Stellar magnetic fields (Table 5) 

This category includes the fields observed in some 
bright stars (of order 10° G); the stronger fields 
(of order 102-104 G) inferred from spectroscopic a core 
vation of the so-called "magnetic stars"; the still 
stronger fields (of order TOn G) observed in magnetic 
white dwarfs; and the extremely strong fields (of order 

a2 


10 G or higher) inferred from observations of 


pulsars. 


In this thesis we shall be concerned mainly with fields of 
planetary type, although the techniques employed can be 
applied to other types of field as well. 

It should be noted that the numbers in parentheses in 


Tables 1-8 refer to a special section of footnotes, to be 
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found-at the end of section 1.1.3, on pages 21-23. These 
footnotes give references to the literature on astrophysical 


magnetic fields. 
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1.1.2 Dynamo theory and astrophysical magnetic fields 


The connecting link between the various types of mag- 
netic field mentioned in section 1.1.1 is the presence of a 
conducting fluid medium - e.g. planetary fluid cores, con- 
ducting planetary atmospheres, stellar atmospheres, and the 
interstellar gas. This observation leads to the conjecture, 
first advanced by Larmor (1919), that the fields are hydro- 
Magnetic in origin. Evidence in support of this conjecture 
is provided by the fact that some of the fields vary ina 
complicated way with time. The Earth's magnetic field, for 
example, has existed in roughly its present form for at 
east. 2. 5-25 70x 10° years (McElhinny and Evans, 1968), but 
archaeo- and palaeomagnetic observations indicate that the 
field fluctuates on a wide range of time scales, and 
reverses its polarity at irregular intervals (Bullard, 1968; 
Braginskit, 1970b, 1971; MeEthinny, 1971). These considera- 
tions effectively rule out any possibility that the geomag- 
netic field is due to permanent magnetism (Bullard, 1948, 
DV LOsSeRTKDCORG, 19000, Dewilot,o. mand Make 1t highly ‘unlike— 
ly that the field is due to intrinsic "rotational" magnetism 
(see section 1.1.3). Attention is therefore focussed on 
electric currents in the Earth's fluid core as the source of 
the field. The most likely source of the electromotive 
force needed to maintain these currents for times long com- 
pared with the ohmic decay time (ig ato years) is the 


motion of core material across the geomagnetic lines of 
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force. The study of this process, in which the currents 
generated reinforce the magnetic field which gives rise to 
the driving e.m.f., is known as the "homogeneous dynamo 
problem". 

Not all astrophysical magnetic fields are maintained 
by "dynamo action". In pulsars (neutron stars), for example, 
",..most internal motions except for axially symmetric 
differential rotation are damped out...within a few seconds 
after [the] neutron star is formed" (Ruderman, 1972). 
Differential rotation of this type will convert poloidal 
lines of force into toroidal lines of force, and build up 
extremely large internal toroidal fields, but the motion 
cannot regenerate the poloidal field from the toroidal 
(Elsasser, 1947, 1950). Dynamo action will therefore not 
eceurt 

It is generally thought that "...the initial magnetic 
field of a pulsar is...a compressed fossil field conserving 
the flux already present in its parent star core before 
collapse" (Ruderman, 1972). In support of this hypothesis 
it is argued that the product BR? (where B is a typical 
poloidal magnetic flux density, and R_ the stellar radius) 
is approximately the same for magnetic stars, magnetic white 
dwarfs, and pulsars. The evidence in support of this claim 
is summarized in the first column of Table 7. Values of 
BR for Ap stars, magnetic white dwarfs, and pulsars range 


Over three orders of magnitude; however, the ranges for 
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magnetic white dwarfs and pulsars are very nearly the same. 
One difficulty with the argument is the scarcity of magnetic 
white dwarfs. Only four of the more than fifty white dwarfs 
which have been identified have observable magnetic fields. 
Any fields present in the "normal" white dwarfs must be less 
than 1-2 x 10° G, (Angel and lLandatree’, 1970; Preston, 1970; 
(eimilewana Greenetetn, dg7c). +AS Aandicated in Table 7, 
fields of this size are at least one order of magnitude too 
small to become pulsar fields under "flux-conserving 
compression". 

It is argued by some workers (e.g. Mestel, 1971) that 
all large stellar fields are compressed "fossil fields". 
However, dynamo models have been proposed for magnetic stars 
(e.90. Krause, 1971). “Smali" stellar fieldsolike that. of 
the Sun, on the other hand, are generally thought to be due 
to dynamo action because of their extreme complexity and 
variability. However, some authors (e.g. Piddington, 1972c) 
feel that dynamo action is an insufficient explanation even 
for solar magnetic fields. 

A similar situation exists with regard to the 
Galactic magnetic field. One school of thought (e.g. 
Parker, 1969a, 1097ia) claims that the field in the galactic 
disk is maintained by dynamo action associated with turbu- 
Wenwu MOtIOn, While another (elo. Piddington, 21972a,b) 
argues that the field is more likely to be a compressed 


"primeval" field. 
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The remaining class of fields - planetary magnetic 
fields - is almost universally thought to be generated by 
dynamo action (see, however, Lyttleton, 1970, and sectton 
1.1.3). In the remainder of this chapter we shall consider 
the homogeneous dynamo theory as it applies to planetary 
fields, with particular emphasis on the magnetic field of 


the Earth. 
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Before continuing with a survey of dynamo theory, we 
must consider the possibility of intrinsic "rotational" mag- 
netic fields. The conjecture that astrophysical fields are 
a necessary consequence of rotation has been advanced 
several times in the last 60 years (Sehuster, 1912; Wilson, 
LOS SSE BLAGKEL EES IGZ79N19049; Mitine, 1950; Papapetrou, 1950; 
huchak, 1951; Moroz, 22967; Surdin; 1971; see the dtecuseton 
tn Rikitake, 1966a, p. 18). Interest has persisted despite 
Blackett's experimental demonstration that the hypothesis 
in*+lLeESsoOoriginaLSformSis Lalise®(Slackete? 1052) YaLThe® basic 
claim is that 


apr tte = 


constant 

where J is the angular momentum of the body and p (1) the 
magnetic dipole moment. This relationship will be referred 
to as "Schuster's hypothesis" (Warwiek, 1971). 

Using Schuster's hypothesis, Blackett (1947) was able 
to predict surface magnetic fields of 30 G for Jupiter and 
SUR 10° G for white dwarfs - values which are not unreason- 
able in the light of recent observational evidence. 

Warwtek (1971) has examined the relationship between angular 
momentum and dipole moment in astrophysical bodies, and has 
concluded that Schuster's hypothesis is not inconsistent 
with the observational data. He suggests that the Moon is 
the body most likely to provide a critical test of the 


hypothesis. 


hsonsvbhe need aauil sottsdox to Soneupsenod \ 
LROBISW (8LGD .taseudiet) sibey 00 tes! ond nt semis pee vy 


DURE ywotsayadns Loser .emtsu yeRet NOEL Via sienlt coats = 


soa¥aanbeth fy coe pIVEL artbatt GIseh .eoTem ; -3et  Sodowd ; 
sdiqaeb betalexey eat geotesat = .\St 4 LS88Rt shes eHaR mn 
cee edt jiéd4 noissigenomeb Isdmemitegxs ®& ‘ s4odvela 
Sieed sit sheet ss stonts) sefst ai mot Isnipkie ett ak 
sand ek miato 
jnst2neD = Ly 
said (2) p bas. ybod ont to mus Ngan ssfupns sit er G anid 
bexrretex od Iliw gifted iseton aidTt .tremom sfLogtb oktengem 7 
J(pset totus) “siesdzoqyd « 'tetaudo8" 8s os 
sids dew UNESL) A¥aXonts ,atasisoqyd 2'tesacdse pris 7 
ane uwstiast. x0% 2 0€ to abfei? otsonpsm sostave tokbeng os 
-noabeinu Jon eis doinw seulev ~ Btaswb stinw sot Sax: x ' 
sonebive Lenodstevisedo jaavex to saptt ois oi oids 


xasiupas asewted qistengitstes ois benitsxs aed (aNet) 


asi bas ,eotbod fasteydqortes ak dnomom slogtb has om 

susseeabeat fon Bh eeassonl 's! atrgskudo’ 

ei nooM and aeds “eaeonue on re | tsiaotairs 
a hee 


rv 


tt deo 


ro ee ie ~~ ieee = > -~ 


Since only surface fields are directly observable, it 
is necessary to write Schuster's hypothesis in a modified 
form. For a dipole magnetic field, the flux density at 
radius R and magnetic co-latitude 6 is 

B(R,6@) = (u/4R?) pit) ty + 3cos“e}1/? 
where uw is the magnetic permeability. The angular momen- 
tum of a body is given by 

JI = IQ 

where 2 is the rotation frequency and I the moment of 
inertia. If it is assumed that u = us = constant, and that 
all magnetic fields are evaluated at the same value of 6, 
Schuster's hypothesis can be rewritten 

I2/BR> = constant 
where R is identified as the radius of the body in 
question. In this form, the hypothesis can be applied di- 
rectly to the data available for planetary and stellar 
bodies. 

Since Warwick's paper was written, new data have be- 
come available, particularly for the Moon (Sharp, Russell, 
and Coleman, 1973). Furthermore, Warwick uses a value for 
the dipole moment of Mars which is considerably in excess of 
the estimate given by Smith, et al. (1965; see Michaux, 1967, 
p. 51), even though both values are derived from the data 
provided by Mariner 4. (Warwick's value of the Mars/Earth 


aipobe momentiratiosisaise).0le,cwhilerthat of Smtth, et al. 
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of Schuster's hypothesis is presented in the fourth column 
of Table 8. The observed values of the angular momentum/ 
dipole moment ratio for planetary bodies span nearly three 
orders of magnitude. It would therefore appear that 
Schuster's hypothesis is incorrect. This conclusion is in 
agreement with Blackett's experimental result (Blackett, 
1962). 

Values for the angular momentum/dipole moment ratio 
for stellar bodies are given in the last two columns of 
Table 7. In most cases (pulsars being the exception) a 
crude estimate of angular momentum has been obtained by 
making use of the relationship 

He forn- 3 
M is the mass of the body concerned, and the constant of 
proportionality depends on the internal density distribution. 
Assuming that the constant of proportionality in each case 
is the same as that for the Sun, we may write Schuster's 
hypothesis as 

[M/M,] [8/251/1B/Bg]IR/Rg] ~ 1 
where the subscript © refers to solar values. From the last 
column of Table 7 it will be seen that when the stellar 
values of payer hey lyst are added to the list of 
planetary values given in Table 8, the range spanned in- 


creases to nearly 5 orders of magnitude. (N.B. The sub- 


script "E" refers to values for the Earth.) 
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The possibility remains, however, that Schuster's 
hypothesis is useful as an empirical relationship between 
the magnetic fields of bodies in which the physical condi- 
tions are not grossly different. Warwick (1971) has drawn 
attention to the close agreement between the values of 
sy) for the Earth and Jupiter. Searf (1972) has used 
Schuster's hypothesis to predict the magnetic field of 
Saturn from that observed for Jupiter, and concludes that 
the field he obtains (a polar field of 2G, based on 
Warwick's (1963) value of 10G for the field of Jupiter) 
is not inconsistent with radio observations. A further 
estimate could be made to predict the fields of Uranus and 
Neptunes (~2°¢ "for al i4°G ftvetd on Juptter, and ~~/ G for 
a 50G fteld on Jupiter; see Table 8). However, this 
approach carries with it all the dangers of "geophysical 
numerology" (Jacobs, 1970a), and should be used with extreme 
caution. 

It is interesting to note that Schuster's hypothesis 
is not consistent with both the "flux-conserving compression" 
hypothesis for the evolution of magnetic stars, and the 
conservation of angular momentum. Assuming both Schuster's 
hypothesis and the "flux-conservation" hypothesis to be 
Valid, so that J/BR° and BR° are conserved, we find that 
J/R must be conserved as well. A stellar contraction would 
therefore have to be accompanied by a loss of angular 


momentum proportional to the change in radius. On the other 
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hand, if we assume both Schuster's hypothesis and the con- 
servation of angular momentum to be valid, we see that BR 
must be conserved in place of BR? . It will be seen from 
the first column of Table 7 and the values of R/Ro given 
in Table 6 that the spread of values of [B/By] [R/Rg]* is 


much less*than~that™~for’ values of [B/Bo] [R/Re]” 
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1.2 The homogeneous dynamo problem 


Theoretically, the homogeneous dynamo problem invol- 
ves the solution of a highly complicated system of coupled 
partial differential equations. The best treatment of the 
derivation of these equations is that given by P.#H. Roberts 
(1967a). The outline given here is based on his approach. 

The equations fall into four major groups, which 


will be considered separately. 


a. The electrodynamic equations. These include 


Maxwell's equations, the constitutive relations among 
the various electric and magnetic fields, Ohm's Law, 
and the transformation relating the fields observed in 
one reference frame to those observed in another in 


relative motion. 


b. The hydrodynamic equations. These include the 


equations of conservation of mass and conservation of 
momentum, and the constitutive equation for the total 


stress tensor. 


c. The thermodynamic equations. These include the 


postulate of local thermodynamic equilibrium, the equa- 
tion of heat conduction, and the constitutive law for 
the heat conduction vector. When combined with (a) and 
(b) above, these equations lead to a detailed descrip- 


tion of energy flow within the system considered. 


dy The boundary and initial conditions. 
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Over the years, the homogeneous dynamo problem has 
been attacked on three levels, corresponding to the first 
three groups of equations listed above. On the first level 
we have the kinematte dynamo problem, in which the fluid 
velocity is specified (independent of the magnetic field), 
and the electrodynamic equations are considered on their 
own. On the second level we have the hydromagnette dynamo 
problem, in which the driving forces are specified (indepen- 
dent of the velocity and magnetic fields), and the electro- 
dynamic and hydrodynamic equations are considered together. 
Finally, we have the full hydromagnettce dynamo problem, in 
which all three groups of equations are taken into conside- 
ration. In this thesis, we shall be concerned mainly with 


the first two levels of attack. 
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Ivo etherkinemabre dynamo problem 


1.3.1 The dynamo equations 


Let us first consider the kinematic dynamo problem. 
The form of Maxwell's equations appropriate to a moving 


COonacuctor ss: 


auth el IS =) Tet aD/ot lea) 
curl IR tive molBAat (lp2) 
div 5 782220 (13) 
Gi ae (1.4) 


where E is the electric field, B the magnetic flux 
density, D_ the electric displacement jy the magnetic 
field; a the electric current density, 6 the charge 
density, and u the velocity of the medium. We shall 
assume that the constitutive equations for H and D are 


TSOCLTODIG: 


H B/u (1.5) 


mere eo (1286)) 


where u is the magnetic permeability and e€ the permitti- 


vity. In this thesis we shall use SI units (see Appendix 1) 


i 


and assume that yw = u_ = 47 x 10° heme everywhere. € 


re) 
will be assumed constant for each material considered. 
Ohm's Law, which should be valid in a frame moving 


locally with the medium whenever the particle density is 
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"sutficiently qneat" (see the digeusston in P.H. Roberte, 


DOCY aa ine); aS 
ji c= oon CL x7) 


where the conductivity o is assumed isotropic. Primes are 
used to denote fields observed in the frame moving with the 
medium. 

The equations relating the fields observed in two 
frames in relative motion are (Landau and Lifshitz, 1951, 


Bo—-10; PF. bw ROperte,. L9¢/7a,, pst 10) 


F u-E 
E = Sul E+ uxB} + (I- %)= aU (1.8) 
ux y-B 
Bi = sjB- SE} + o-w ey (1.9) 
where c is the speed of light, and 
2 — 
“w= {1-SY"% (1.10) 
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arranging terms, we have 


J = qr curk B- Ou — €9E/,, 


In the moving system, this equation reduces to 


j= tout BY - © PE Ae 
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Rearranging terms, 


Yu {i curl B -~ ao (E+ uxB)} + 


! E u-B 
+{a VruxB — yx (A= +4 yx[d-w) Sy] 
~o(1- 4) HE y } A, 
iL (ux) ov _ Mee V2 
+{h yh ee + « Melce+uxB) - Seu] (1.11) 


+ Cl-W)é 2| += | } 


1.3.2 The quasi-steady approximation 


In the quast-steady approxtmatton (P.H. Roberts, 
U9C7o, pp. c-11), Only the terms sin the frst, set of braces 
in (1.11), are retained.» Justification. for this step is 
obtained by examining the scaling of the various terms. We 
assume that all the fields vary significantly on a length 
scale L anda time scale T , and replace space and time 
derivatives with a and x respectively. Further, we 
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A(t) 
and the three sets of braces in (1.11) have the ratio 
2 4 
(1 + R)? (LACT) tiv R,) ¢ (L/cT) (1) 
where 


= th 
Bie wea ean Genie) 


is a magnettc Reynolds number for the system, and 
(ee /0 is) 


iSSChe Magnetic atl yfus7v7Tty. it (L/cT) 2 is small compared 
with unity - i.e. if the electromagnetic and velocity fields 
change very little in the time it takes light to cross the 
system - only the first set of terms in (1.11) need be re- 


tained, giving the equation 
neurl La) ae ETS B (iu 4 } 


Similarly, the terms in equation (1.1) have the 


ratio 
{ {Bl /un}s{]a]}:{ e/er)? ta] und}: { (t/er) 7 t]B]/ut}} 
so that, ignoring terms of order (L/cT) - 5 
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Equation (1.15) gives the form of Ohm's Law in the labora- 


tory frame appropriate to the quasi-steady approximation. 
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1.8. 350Thesmagnstichinduotion equation 


Taking the curl of equation (1.14) and making use of 


equation (1.2), we obtain the equation 


B/at + cur£(y curl B) = O (1.16) 


If n is independent of position, (1.16) becomes 
98/54 = nv°B =) 16) Gi La) 


(1.16') is generally referred to as the magnettce tnductton 
equatton. 

Equations (1.3) and (1.16), together with the boun- 
dary and initial conditions and a specification of the velo- 
eity field, u., provide a description Of the-kinematic 
dynamo problem in its simplest form. More generally, the 
kinematic dynamo problem involves finding a pair of fields 
(U7eB) eewhichesatisiy (123) (1.6), .the boundary and initial 
conditions, and certain additional conditions which are 
described in section 1.4.1. 

He.should be noted (Krause, 1968a,b:1G:0. Roberts, 
1970a,b) that equation (1.3) can be regarded as an initial 


condition. The divergence of (1.16) or (1.16') gives 
C) 
az [div B] a 0 


lie? © Talbigey Ny initially, this equation has the unique solu- 
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1.4 Solutions to the kinematic dynamo problem 


1.4.1 Requirements on solutions 


A "solution" to the kinematic dynamo problem consists 
Siede nol rOr et reldac (u, B) which satisfy the following 


conditions: 


a. wu is an allowable flow (Gibson and Roberts, 1967; 
Ee wenOberce, 219670, p. moc y Le LlealealLowanpLe ss Low, the 
velocity gradients are everywhere finite, and the equa- 
tion of continuity is satisfied everywhere without 
sources or sinks of mass. It must be possible to define 
non-singular distributions of body force and density 
which will generate the flow through the ordinary Navier- 
Stokes equation, but the flow is not required tomsatisfy 
the hydromagnetic Navier-Stokes equation (see section 


a baa 


b. B is a field satisfying the magnetic induction equa- 
tion (1.16), subject to the boundary and initial condi- 


Eons’. 


Cze"it Vy is the volume occupied by, the conductang fluid 


medium, the magnetic energy stored in V 


2 
v 2é¢ 


remains constant, grows with time, or oscillates about a 
mean value which itself remains constant or grows with 


time. 
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d. The total kinetic energy in the system 
(4 Pu* de 
Vv 
is bounded (Childress, 1968). 0 is the density of 


Bne conducting £flmid? 


In section 1.9.1, some of the mathematical implications of 


these equations will be examined in detail. 


1.4.2 Anti-dynamo theorems 


Numerous antt-dynamo theorems have been proved, pla- 

Cinggfurtherfexplicig restrictionsjon the natureref u and 

F ; ; 9andioO | 
B - These theorems, which are summarized in Tables [, indi= 
cate that magnetic fields with a "Simple" structure cannot, 
in general, be maintained by a dynamo process. 

Cowltng (1965) has listed three features which 
",..appear to be essential for any satisfactory dynamo 
theory". These features are summarized as follows by Weiss 
(To 7 1p jes 

nese Larst, ithe velocity Cannoe be wholly mynegular, 

for ‘order does not arise spontaneously out of chaos'; 
secondly, two separate types of ordered motion should be 
present; and, thirdly, there should be an adequate 
dissipative mechanism." 


These requirements should be kept in mind as we examine the 


various types of dynamo mechanism which have been proposed. 
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L443 3°24 Existence? of* solutions 


It has been shown that solutions to the kinematic 
dynamo problem do exist. In the decade and a half since the 
first existence proofs were published (Herzenberg, 1958; 
Backus, 1958), a large number of successful dynamo models 
have been developed. Broadly speaking, these models fall 
into five main classes, according to the method used in 
solving the induction equation. These five classes are 


summarized in sections 1.4.4-1.4.8. 


1.4.4 “Exact =model's 


Exact analytical solutions of the kinematic dynamo 
problem are not common. The most important example in this 
class is the "helical" dynamo of Lortz (1968b), which 
Operates in an unbounded conductor. | Ihe streamlines of 


are concentric helices with constant cross-sectional area. 


4-9  Spherical™ harmonic expansion models 


Expansion of u and B in spherical harmonics 
materially simplifies the equations governing kinematic 
dynamo action in a sphere. Unfortunately, because of the 
Bi terac LON geCenl MUexeb sli hem nductlion equation 8 
must generally be represented by an infinite set of 


harmonics even when u has a simple form, so that trunca- 
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tion difficulties arise. The problem was studied by a num- 
ber of workers in the late 1940's and early 1950's for the 
Case Of "austeady magnetic field, dB/dt = 0) (Flsasser, 
1946a,b, 19473 Takeucht and CPt ets LOS2aG Dp, 1900» Obs 
Bullard and Gellman, 1954). However, no convincing evidence 
of dynamo action was obtained. Since that time, convergent 
models have been developed by Gubbins (1972, 19738) and by 


Roberts and Kumar (1972). 


4. G a nopOLAdLC —smocelec 


In sporadte models the effects of the terms 
curl (u x B) and nv-B in*the mauction sequation” (lslL6™) 
are separated by choosing a "Sporadic" velocity field 
(Bade, 1954; Parker, 1955). The dynamo alternates between 
periods of motion sufficiently rapid and short-lived for 
diffusion to be neglected, and periods in which the motion 
is stopped to allow for the "Simplification" of spatially 
complex B-fields by diffusive decay of the higher harmonics. 
Successful dynamo models have been developed by Backus 
(1958) and Tverskoy (1966), using motions in a sphere. 
(Seelaleo 2h. hopertse, do7ia.) 
‘ Backus (1957) points out that Takeuchi and Shimazu have 
set too many boundary conditions. It is therefore highly 
unlikely that their numerical "evidence" for steady dynamo 


action is meaningful. 
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1.4.7 Asymptotic models 


Asymptotte dynamo models are generally characterized 
by the presence of two different "length" scales. These 


models fall into three major groups. 


a. Herzenberg-type dynamos. In models of this type, 
u.,Varies.on.a.small length scale 2, while. .B.has_a 
component varying on a large length scale L. The 
magnetic Reynolds annie mera on the smaller length 
scale is allowed to approach infinity while the ratio 
2/L goes to zero and the product R, (2/1) * remains 
PInice. = .WHerzemperd. Jou. Pan. HOLerts, 1907D, pp. 9o- 
DUGG INGUDSON alu O0d, Ose VOUS KYODGCHED, 1V08,) 1900, 010005 


GUELECUOs PLO UNE Palin NODeYUS@ Lorian, 


b.,,.Periodic., dynamos. In models of this type, u rs 
periodic with a short wavelength 2 j,while Bis 
doubly periodic with both the wavelength & anda much 
larger wavelength L . The magnetic Reynolds number 

Rn based on the shorter wavelength is allowed to 
approach zero with &/L , while the product Ro (L/2) 
remains Linite. ja Cnt ldress, tivev7a.b,c, 1968, 1969, 
9706 Guo.ilg@obertegaieéses, Wev0atbgnie7 2a\y. 

G.O. Roberts (1970a,b) has shown that "nearly all" 

periodic motions in an unbounded conductor will lead to 
dynamo action. Furthermore, Childress (1967b, 1968, 


1970) has shown that a periodic motion giving dynamo 


6 eat g@ olinw, 3 else foree 5 eat 5 eaten s. 
edf . 2 olsce dtpnol spiel s no patyisvy JmemogmoD .- 


ftpnel telisme ois no heesd{ 
otsex eft ofttivw yitnitni dasoxgqs oF bawolis at eisoe 
enismes © (aa) 4 4+ouboxq sit bas o1ss oF sop a\e 
“48 .Gq .4580L ,strodod «8.4 S681 gtadussto8) <ettak2 
sBPRK .SBEL .BIRE  wodonqosh .830T eS PEEL ,xoedeD _bOL. 
\ erset grdadan A.A QOSGE yakeadopd 9. 


ei y .oqys eins to alsbom nt .2ompayh stbotted i 
ei siinw , 3 Atpnefoyvsew diode 5 dtiw athor1sq ~" 
foum s bas & xAsenefevew ods risod dtiw otbotrsa yidvob ain 
‘tedmun eblonyesA oisenpsm eT . J dtpislevaw topret = 
4 Bewolls et dtpasfevew rodsede oft no bewsd Jf 
(s\a) Sa gouBoiq odd sftdw , d\A ddiw ores dosozggs | 
ABLE BOOT oS .SNSG (eeambSTHD) .sdim#2 enkamox 
sUmShSt (4 ndh@l _S88T .sttedoh .0.d ,OFSt 
"tig ylisen" Jad awode esd (d HOS) estodoh .0.0 ~< 
alan trie x0d0ubinoD aig enotsom otbolted 
- snotgoe paren 


= 


a 


38 


action in an unbounded conductor retains this property 
when fitted into a finite spherical volume by means of 
a “cWteoin” (funcmiony 

GeO Roberte W197 3 Oteee SP LPAGROberte A DI7Ib) and 
Gubbins (1972, 1973) have carried out numerical studies 
of "cellular" dynamos in a sphere for axisymmetric 
velocity fiekds -l./wWhide ithe motions considered are 
not "periodic" in the sense defined above, these models 


are included here for the sake of illustration. 


c. Nearly axisymmetric dynamos. In models of this 


type, u- and B tare required to tend toward axial 
symmetry as the magnetic Reynolds number approaches 
IntanLEy eG GBrdginehacen I964aeb fas tough ~ PI 6AANTough 
ANGNLGL DEON RATHI C6 HPeSoward MITA aAN POV aI RND. MRobert e\, 
LUGE ADP Pl OOa1275 Po. Roberts, 19714.) 

The asymptotic limit used in nearly axtsymmetric 
dynamos can be interpreted in terms of two "length" 
scales if an "azimuthal length scale" L is defined 


by means of the ratio 
2 terval Ito -v BI 
c ~ Tg ~ [eB 
2 is the length scale of variation of 4 gon 4B 5 ain 
meridian planes, de the unit vector in the azimuthal 


direction, and u and B the magnitudes of u and B. 


The magnetic Reynolds number Rn based on 2 is 
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allowed to approach infinity while &%/L goes to zero 
and the product R, (2/1)? remains finite. 

Soward (1972a) has pointed out that, for the case of 
a steady dynamo with closed streamlines, a better inter- 
pretation of the asymptotic limit is obtained by requi- 


ring that the integral 


i dx 
ri Ta Cu curd) 


approach zero as Rae when R, gees to infinity. Here 


U is a scaling amplitude for the velocity field, C(x) 
the contour of a streamline, and x the position vector 
of points on the streamline. The integral is, ina 
sense, an average of uscurl u for the flow, and may be 
considered as a measure of the heltctty - a quantity 
which is very important in turbulent dynamo models (see 


section 1.4.8). 


1.4.8 Mean field models 


In mean fteld dynamo models, wu and B are each 
represented as the sum of a statistical average and a fluc- 
tuating part. The average fields u and B are assumed to 
vary on a length scale L , while the fluctuating fields u'! 
and B (with zero statistical average) are assumed to vary 
on a length scale &. In this sense the problem is 


related to the two-scale approach considered in the last 


section. 


So 
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The statistical average of Ohm's Law for a moving 


medium (i.e. the average of equation 1.15) is 

J = c(E + oxB + wxB) (1.17) 
This equation contains a "new" electromotive force u'x B’ . 
If this e.m.f. can be represented as a functional of the 
mean fields u and B , the mean field kinematic dynamo 


problem becomes closed. Considerable attention has been 


focussed on the derivation of simple representations for 


u'x B’ - Parker (1955) drew attention to the possibility 
that 
ee De a:B (1213) 


Steenbeck and Krause (1966) have christened this term the 
a-effect. Several successful a-effect dynamos have been 
studied, both for the case u = 0 (Krause and Steenbeck, 
PUO7s=ovecmbeck, ayia krause, 19660, 19675 (Morfrfate, 1970a3 
Leorat, 1969) and for the case u #0 (Parker, 1955, 
1970a,b,c, 1971la-f; Krause and Steenbeck, 1965; Steenbeck 
ondekrause, 2966 ~11067, 10600,0;. Lerene and Parker, i977, 
1972). Models in which u'’x B' has a more complicated 
dependence on u and B than that given by (1.18) have 
also been studied (Steenbeck, Krause, and Radler, 1966; 
Radler, 1966, 1968a,b, 1969a,b, 1970; Krause and Radler, 
10¢Go PH RODErES lor tay:. 

Le should be noted that, to a first approximation, a 
fully isotropic turbulent motion cannot support dynamo 


action (Gir litlandvend Ataritdge,s, Lo7s. Krause and Roberts, 
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io7o see section 6.2 velow). | Insorder for dynamo action to 
occur, the turbulence must have heltctity (Moffatt, 1969) - 


1.e; 


u’-curl u! x 0 


re 


- or be anisotropic with a preferred direction (see, for 


ecampre, Krause tanannaacers LOTT. Fehe nopertves1971a).. 
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1.5 The hydromagnetic dynamo problem 


Let us now turn from the kinematic dynamo problem to 
the more complicated hydromagnetic dynamo problem. The mag- 
netic= flux density9s Be-mustestiiliesatisty the’ anduction 
equation (1.16), subject to boundary and initial conditions, 
but now the velocity field u must itself be derived from 
a specified body force distribution by solving the hydro- 
dynamic equations subject to appropriate boundary and 


initial+ conditions? 


1.5.1 The equation of mass conservation 


The first of the hydrodynamic equations to be consi- 


dered is the equation of conservation of mass 


Neo) ARMY Se 
DE at UVP = —Pdivu (1.19) 


Pe eguation sla oe, 


D io” 
Dt = =>" ot 


+ U-Y (1.20) 


is the Lagrangian time derivative (t.e. the "matertatl" 
Gerivasctves following the flow), and p ais the density of 
the conducting fluid medium. For a truly tncompressible 
fluid, the left hand side of (1.19) vanishes identically, 
giving 


div te 0 Cis. 21) 
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If dp/at is identically zero but density gradients are 
present, (1.19) reduces to 


div u = = reba e (dia) 


In the full hydromagnetic dynamo problem, Dp/Dt must be 


evaluated from the thermodynamic equations. 


1.5.2 The Navier-Stokes equation of hydromagnetics 


The second hydrodynamic equation of interest is the 


equation of conservation of momentum 


pRe = r{ fee Se} = Bit ban 


where ene is the total stress tensor, F the applied body 
force per untt volume, and xX, a component of the position 
Vector er. the constitutive equation for ore can be 


assumed to have the form (P.H. Roberts, 1967a, p. 17) 


Pi5 =) aes $45 + is + Miss Gl e23) 
where p is the kinetic pressure, Tas the viscous stress 
tensor, and ms 5 the electromagnetic stress tensor. Fora 
Newtonian fluid, 

2 - & Ug Qui Ou; 2 
Ieee Sat av} Se E86 vi Sa, Ey (1.24) 


where v is the kinematic (shear) viscosity and ¢f the 
kinematic bulk viscosity. The electromagnetic stress tensor 


is defined by 
oomjy = SF + (jx Bd 
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However, with the scaling used in deriving the induction 
equation (1.16), |8E| is of order (L/or) * compared with 


ax B| , so that, in the quasi-steady approxtmatton, 


2 mi; = (j x BY); (1.25) 
‘3 oe 
EVOMmel 25) anode Ole LOLLOWws that the form of the 


(electro)magnetic stress tensor is 


uo gk pause 
Mee = qe 5B Sa! (1.26) 
[eceer.H. NOperts, i06/0. pe lips Me itaimy , efron (la23)); 


(2.24) >) fang. wd 2G) 


py = ~ Lp +B - Pls-Bv)dival by 


i ,ou js ; 
ein fee ors Al + + BB; (ion) 


Subst i bucingd sCla2 / eli cOm 22) i wesODlLalng the 
Navter-Stokes equatton of hydromagnetics. This equation has 


EwOealternative LOrms (P.h. Hopercve, 196/7d,,p. 177 
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depending on the form in which the Lorentz force j xB is 
written. For the tnecompresstble case when (1.21) is valid, 
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Be Diese a a Sibel ot Hee +b 2 280) 
DY spe = -pYP + Vou + py (curd Bx B +$F Cll) 


assuming thatmy ais a constant. = Alternatively, if (1.21) 
is the appropriate form of the mass conservation equation, 
and v is a constant, the terms involving density gradients 


in (1.28) and (1.29) can be rewritten as 


SxlP(S- Zv)div ul + Zfev(3e + Sui) 


= {-yv[(s+4v)u-vP] + Povtu 


+v[$(u-vPryr + vP-vu + yu-vP]}, 
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2.0 Lhe iydromagneticvequatlons ill asrotating frame 


In most cases of interest, we must deal with a 
rotating conducting fluid. It is therefore useful to trans- 
form the hydromagnetic aden ante equations to a rotating frame 
OLPrererences“eThe *velodity*su4"insthenon=rotating@irame 
can be expressed as the sum of a uniform rotation with 
angular velocity @ , and a velocity u relative to the 


Ore 


rotating frame. 


iG 
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Mot Tees (Cites s)) 


The Lagrangian time derivative (1.20) transforms as 


D - (2 
= = iS es + QAxXG (izes 4)) 
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(2). 


and, G 2s any vector quantity.” It tollows that the 


=e 
Gane + Urot YG (1.35) 


Eulerian time derivative d/dt transforms as 


3g = (2)G + vx {Caxr)xG} -(g-GXQxr) (2.36) 


Applying a l.36) scO_tnes induction equation, (15167), 
making use of (1.33) we find that the form of the equation 


1S anvariant. 


(= ee B + curf{(Qxr)x By} - 1V°B 
= curk { Urt xB + (Qxr) xB} 
Ssoutnat 
(Qos lee om 


Strictly speaking this invariance holds only if the speed 
of absolute motion jul is much less than the speed of light. 
(See Trocherts, 1949; Backus, 1958; Acheson and Htde, 1973.) 
Backus (19658) points out that the corresponding result for 
the electric field is false. (See Backus, 1956 for the 
effeet on HE of a,superposed rigtd rotation.) 


Applying (1.34) to (1233) ,.we have 
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- y{slaxrl*} (1. 38) 


= (P/Dt) pag rot + 2QX Urot + (PQt) xv 


+ Qx(Qxr) (ioe) 


Also prt, follows from (1l.03)) that 


VU = WY Unct Cie 9) 
OUiy dui . 2 ey . 1.40 
ox; axi Sx; ret di M Sa, 64rot)j 


walleetonpeny scalar facldaua 


Dafoe = (PA/pt)ect (1.41) 
CO/atm a (92/3) 04 - (Qxr)-va (142) 


The equation of conservation of mass in the rotating frame 


thus has the same form as (1.19) 
(PP/ot)4 = — P V+ Urot (1.43) 


while the Navier-Stokes equation (1.28, 1.29) becomes 
PACE) 4 Prot + 2Q™ Urot + (P%ot)ra * £5; 
eee oO © ps : -4 x 
= Saag oa - P(3 4v)y Urot — FPIQ«reil } 
a hs ; 2 ‘ : 
~£CZPVIQuL? + ZB fPO(Z tueothi +H Cure] } 


” zB aac (1.44) 
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P (Be) gtnt + 70x Hea + PMae)ig * 2}, 
= -2 [p- (s- ¥v) Y-Urot } - PQx(Qxr) 


- E, | 0 (FS leret i + ZLurct])} 


4 ° J 
+ +f (cure B) x 8h. + Fj (1.44") 


In this thesis we shall restrict attention to the 


hydromagnetic dynamo equations in the rotating frame, and 


drop the subscript "rot". The hydromagnetic dynamo problem 


is then specified by the equations 


{%t -qv7} B = curd CuxB) (1.45) 
Dit = -Po-u (1.46) 

Pu/pt + 2Qxu = -pYP - a5 1OxrP yr -PMe)xr 
+v{vtu+vy-u} + FfyP-vu+ gu-vP} 
+5 8 ee oo Clap 


5 =35 v{p-P(s-4v)y-u} - 9x (Qx¥) 
~ (%e)xr + Fa (2xB)x B 


+ rae (1.47') 
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(Bxy) Swe = a {[*vp- 206} 


(28.1) 


(a. £) y-94- = 


1xGQQ2)- vg tx Qkge - DeAqr. 
fag-ue +ay-whh+ fee +eiviv + 
(TB. £) afer aya + 


(xxQoxa - fu-xQe$-OA-a}e q- © 
jag-uy+ us-iv}y + fe-geeaivis + 


Bx(Bxvdae + OO) 
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where™v+ has been assumed constant, »and 


P= pt ea - P(3-4v)y-4u -— ZPlQxel? (1.48) 

In the simple incompresstble case, (1.45)-(1.48) reduce to 
{Ye -977}B = B-vu (1.45a) 
VvVeu = O (1. 46a) 


Du/pt + 2QxuU = -4+_vP ~ (9M) xv + VV‘uU 


~ P ~ 


E (47a) 


= -5YP -Qx(Qxr) -CWe) xv 
+V7u + Pa (zxB)xB 


++ ' 
PE (1/47"'a) 
= Bs de 2 
P= pre ie zZPIQxrl (1. 48a) 
This system must be solved for u, B, and p subject to 


the boundary and initial conditions when F and p are 


given. 

If density gradients are present, but the density 
distribution does not vary with time, (1.45)-(1.48) reduce 
to 

{Ppt -nv}B = B-vu + - (u-vP)B (1.45b) 
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Pu/pe + 2Qxu = —$¢ VP’ - (2) xr - a8 '!Qxri'vP 
V4 
+vvtu + Ff eCuyPoyP + yeu + yu-ve | 


+ Pi ByB +6 (1.47b) 


~pyip+GetviuvP} -dx(Qxr) 
+vv'u + SiS uve lye + ve-gu +yu-gP} 


fe So fe 


—@Pat)xr + 2 (exB)x B 


§ 
eo Cea 72D) 
i B? 
P= p+ aa + (S+tv)u-vP — ZPIQxrl? (1.48b) 
This system may be solved for Ub eB, and 0 , Subject sto 


the boundary and initial conditions, when F and p are 
given, or for Up peBue 7 and p , subject to the same condi- 


tions, when eg and 9 are specified. 
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1.6 The full hydromagnetic dynamo problem - thermodynamic 


equations 
In most cases of interest, the hydromagnetic dynamo 
problem is incomplete without consideration of the thermo- 
dynamite equattons. Two scalar equations are added to the 


system (1.45)-(1.47), giving nine scalar equations in the 


nine “unknowns ,( "0 ;, By p¥ ae , Iv\", where Tis the 


Cad 


temperature. The additional equations can be written in the 


POrM Pet mehoberts, UG67a spp. 12-16.) e482) 


Pep DT/p_ - &TPP/: 


= V-(AYVT) + Ty 3S + j? + €E, (1.49) 
—2 
Di/pt = {a+ a } Pe -aPp Df, (1.50) 


when the system is assumed to be in local thermodynamic 
equilibrium, and a Fourier Law is assumed to hold for the 
heat conduction vector. Here A is the thermal conducti- 
Vitv~e do sthe volume, expansion, coerticient, os the speci- 
Pic heat per init mass at constant. pressure, a, the adia— 
batic speed of sound, and Es the rate, per unit volume, 
at which sources of heat provide energy within the fluid. 
imegeneral, wo, oO ance @ sare all tunctions of density, 
pressure, and temperature. It should be noted that effects 
due to variations of chemical composition have been neg- 


lected in equation (1.50). This equation is sometimes 
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replaced by an equation of state, of the form 
Dp) =o (lp  prechemical composition) (13073 


(eee, Or exanp le, “Atde, i2969b). 


When velocities in the system are small compared with 


the speed of sound, (1.49) and (1.50) reduce to 


DT/pt 


DP/pe 


VOAYT) + Ty $e + Sie + €, (ao) 


aP DT/pt (ise) 


(PVE nove Coy lf U0v A, pwc). PUL thiele simp. 1facatzons may 
be made once the scaling of the various terms in the equa- 
tions is known (see section 6.1). The full hydromagnetic 
dynamo problem requires equations (1.45)-(1.48) and (1.51l)- 
(le 2) sstOn Den SOLVeEd, fOr al UsymE, » PavePon Bad subject to 
the boundary and initial conditions, once the independent 


body forces and sources of heat are known. 
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5.3 


i? The tull hydremagnetic dynamo problem - boundary 


conditions 


The boundary conditions which must be satisfied by 
solutions to the full hydromagnetic dynamo problem have been 
given in some detail by P.#. Roberts (1967a, pp. 22-28). 
These conditions fall into three major groups, which will be 


discussed separately in the next three sections. 


T-7.1 Electromagnetic beundary conditions 


(nhesiietds Soha rand 7B mustesestisaty aactolal Of four 


independent scalar conditions at any surface of disconti- 


HUlcvEO lm Osy, 6s ecOr le.  TNeses CONG ELOnSs can) ber written 
in a number of equivalent forms. Caution must be exercised, 
however, if the magnetic diffusivity n= 0 in any region 


(Cee. P Hw hODEGLe. 1961 a. pp. 24-26) s9 tn this thesis, we 
shall deal exclusively with the case n # 0 
Perhaps the simplest form of the electromagnetic 


boundary conditions when n#0 is 


(is) 


lI 
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<n x BY 
<n x E> 


i 
oO 


(1.54) 


Wiebe Ti SlSeagunitevectorn normal to che boundary, and the 
brackets <) denote the change in the bracketted quantity 
as the boundary is crossed. An alternative form of the 


boundary conditions is 
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Lod 1 = 10 (1.55) 


<De Soe (1.56) 

<2 x BY = 0 Giles 
where ® is the electromagnette scalar potential. If A 
is the electromagnette vector potenttal, then 

EM 28 SUV SOuMOAY ot (h-58) 

Bee Vee (ee) 


Wiens chesiields gh and eBearvarcvewilenetime;) loa) 
and (1.54) form a complete set of boundary conditions. 
However, if the fields are time-independent, (1.54) reduces 
ComliessinglevsGalar —COnd t1vo0ny (l.o5) ,eand the condition 


(1.56) must be added to give the required number of condi- 


€ions. -Several’ other conditions can be derived from (1.53)- 
Ga sayeOr L£ron al. bo) — 41.05 /)t ss kOrRexample, 
nee ees a0 (1.59) 
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<n x AD 
(always.bearing.in mind that_.n #.04)..,in general,.the 
magnetic flux density, the tangential electric field, the 
normal component of electric current density, the scalar 
potential, and the tangential vector potential are all 
continuous across a boundary. 
An additional condition exists which defines the 


surface charge density yx at the boundary between two 
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where the bracket eps denotes the amount by which the 
boundary value of the bracketted quantity in medium 1 
exceeds the boundary value of the quantity in medium 2 
In most cases of interest, we shall assume that the 
conducting medium is surrounded by a nonconductor which 
exUenis, tOsintinity an all idirections. 9 The conditions that 


there be “wo sources at anjintity can then be written 


|B] = Meee) as ro 
[Ez] = Ctr may 2 es (1.60) 
|o| = o(c+) as xr > @ 


where r is the distance from an origin inside the conduc- 


one eC LON. 


Ii-7.2 Mechanical boundazsy conditions 


Six independent scalar "mechanical" boundary condi- 


tions must be satisfied. These conditions may be written 
CRE Uy ee Geol) 
<n xu>p = 0 (ib 2) 
€75P35> s——=() roe) 

for a surface of discontinuity separating either two 

inmisciblereslurdscarians&luid andwWatsobid. For the latter 


Case, i tone SOlia ve stationary: (ol) and. (1 v.62) combine 
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to give the condition 
BS (1.64) 


on the velocity ofthe fluid at the interface. 

Toes hOulLde be nocec. tiateticano os. 7p CONGLtLIOn (1,62) 
is an idealization. However, it is widely used because of 
its simplicity. Strictly speaking, we may only require 
that the normal component of the fluid velocity vanish at 
a fluid-solid interface. In this thesis we shall follow 
standard practice and apply the more stringent condition 
(15: 6.4,)". 

When the solid boundary is rotating, (1.64) is only 
Satisticdsin Lhe rotating frame oF reference - 1.e. 

Ue ie a 0 (1.64') 
at the fluid-solid interface. Following the practice 
introduced in section 1.5.3, we shall drop the subscript 
NEOU manamuse: (64:5) ein eehe storm (..64)). 

The relation (1.63) provides no useful information 
when the boundary considered is a fluid-solid interface. 

The stresses applied by the fluid merely produce elastic 


Strains in the solid. 


iiss thermal boundary conditions 


Two independent scalar "thermal" boundary conditions 


arise. These conditions may be written 
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<ilae> = re) (1.66) 


where dT/dn represents the normal component of the 
temperature gradient at the boundary. Gr #65) “and © CP/66) 
imply that both the normal component of the heat conduction 
vector and the temperature T are continuous across the 


boundary: 
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oper nes null hydromagneticedynamo jproblem — i body forces 


The full hydromagnetic dynamo problem, as it applies 
to planetary dynamos like that of the Earth, is defined by 
equal tons. (45). 40), (leoleana (leo), ang by tne 
bevndary cond. ti0nse (oo i lee) pe La6O)) mand (1.64)= (1266). 
The information required before a solution is possible (even 
in principle) is a complete description of the initial 
conditions, the heat sources, and the form of the body force 
density Ea Unfortunately, very little of this information 
is available, and models must be constructed in any attempt 
to match the observed behaviour of the system. In addition, 
CicstuLbie DLObLemets OL SUCH formidaplerdibriculcy that 
Simplification of the equations is virtually a necessity. 

We shall discuss some possible simplifications in sections 
ea Ande Oe li. 

One of the first major problems to be considered is 
the specification of the body force density. Several 
possibilities have been considered in the literature. We 
Shall discuss these possibilities in the remainder of this 


section. 


Lio eoUuOvyancyLOLrCces 


The body force density F may well depend largely on 
variations of the density of the fluid medium. In the 


BOUSSINGéSG approximation’ (Chandrasekhar, 1961, p. Te6ff.:; 
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Jeiereyve, 2990; spetgel ana Veronie, 1960; P.H. Roberta, 
1967a, pp. 194-200) the force density associated with these 


variations is assumed to be of the Archimedean form 


* 


fea Vy (1.67) 


where g is the acceleration due to gravity, and oi is 
proportional to the excess density. 

The case in which the density variations are of 
thermal origin has been studied by several workers 
LChonaracewnor, 1961. Chapteore i[Viand WV; Taylor, 19038; 
Macdkus, 1962;.fough and Robertstrj196/;riitayebd and Robarts, 
T9703 Sowdrd, 1971ia, 1972a,b: Roberts and Soward, 1972: 
CneLvarecs, J O/7 DS Musee, "1072s (GeO. Hovperte, 19720). 

Bragitnskit (1964d, 1967a) has estimated the contri- 
butions to density variations in the Earth's core from 
thermal and non-thermal sources, and has concluded that oe 
is due mainly to gravitational separation of lighter 
elements in the fluid core. He has studied the convection 
of a two-component fluid, using a generalized form of the 


dynamo equations. A different model of the same type was 


suggested by Urey (1952). See atso Artyushkov (1972). 
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of the Navier-Stokes equation (1.47 or 1.47'). In the 
frame rotating with angular velocity & , this term has the 


form 
= (Q'xQ)x vr - £¥ {[@Q+0')x vr] -[Q’xr}} 


re 


+(Q'xr)-vu + Q’xu (1.68) 


Malkus (1963, 1968, 1971a,b) has considered the case in 


which Fp is the dominant contribution to the body force 


density. He uses the approximation 
pip = (Q'xQrxe - ¥ V{l2Q+Q)xrl-LQ'xr]] 
Cis 6.0.5) 

The hydrodynamics of viscous flow in a precessing 
spheroidal cavity have been studied by a number of authors 
(Bond? and Lyttleton, 1956; Stewartson and Roberts, 1963; 
Roberts and Stewartson, 1964). Busse (1968, 1971) has 
extended the analysis to the case of a precessing spheroidal 
Shell. The latter geometry is a more appropriate model of 
the Earth's fluid core because of the presence of the solid 


Pner COLGsm Noceraleo, tne review by MlG. Rochester, 1975.) 
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statistical average and a fluctuating part 
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+e! 
The term Die in thnesmodi1tied” Ohmi s Law (1.17) as then 
evaluated in terms of the mean fields u and B , and the 
statistical properties of the fluctuating body force density 
ES 

Mopidatu Wie72) has considered a model in which" 
is a homogeneous turbulent field without intrinsic helicity 


- i.e. 


I 
oO 


Pac uLiers 

However, in order to ensure that the fluctuating velocity 
Pleldseueeed0cscesnavesnclicity ,shesassumes .thac ....there is 
some selective mechanism present which leads to a net flux 
of energy parallel to g [the angular velocity vector]". 

Steenbeck, Krause, and Radler (1966) have considered 
a quasi-kinematic dynamo model in which rotation interacts 
with gradients of density and "turbulent intensity" to 
produce an a-effect. However, it has been pointed out that 
the turbulence spectrum functton used by these authors is 
not physically realizable (Lerche, 1972e). 

The dynamo model of Steenbeck, Krause, and Radler 
(1966) is not fully hydromagnetic, since they consider only 
gradients of the intensity of the turbulent veloctty field 
u! - In Chapter 6 we shall consider the effects due to 
gradients of the intensity of the turbulent force density 


Pieldsyi Fit: 
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1.8.4 More general studies of the hydromagnetic dynamo 
problem 


In addition to the work mentioned above, there have 
been several more general studies of the hydromagnetic 
dynamo problem. Childress (1968, 1969) has pointed out that 
anyexinemacic, dynamo can be used vas the basis of (a seli- 
consistent hydromagnetic dynamo in any dynamical model 
simply by choosing the body force density in such a way that 
the momentum balance equation (1.47) is satisfied. However, 
in more realistic models where the body force density is 
specified from the start, the choice of a dynamical model 
will introduce conststency conditions which must be satis- 
PiedEbynghryandyeB + 

Taylor (1963) has derived a particularly interesting 
consistency condition which has been used by Thtirlby (1972) 
as the basis of a numerical study of hydromagnetic dynamo 
action in a sphere. The Taylor condition arises from the 
magnetogeostrophtec approxtmatton to the Navier-Stokes equa- 


tion (1.47'a) for incompressible flow 


PA SE) ee ea a) Po HEM aes) (ie 69) 


Vu = 0 (9,0) 


where p is the dynamic pressure and gt is a modified 
body force density incorporating the terms Qx (QXX) and 
(d2/ at) xx - Equation (1.69) has been obtained from (1.47'a) 


by neglecting the inertial term Du/Dt and the viscous term 
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vV7u ing comparisongwith the Corvol7s terma zi x ro. This 
approximation is valid when the Rossby and Ekman numbers for 


the flow are small compared with unity - l.e. 


Ro Le Ole, aL (be 725) 


yyantatedy 2 (1.72) 


m 
Wl 


- and the time scale of velocity variation is much greater 


than the rotation period - i.e. 
1/2 Oe ae nL (leis) 


Since equation (1.69) is of lower order than equation 
(1.47'a), viscous boundary layer theory must be applied to 
satisfy the boundary conditions on yw (see section 6.2). 
The boundary-layer thickness 6 is of order e211. The 
incompressibility condition (1.70) implies that the solution 


uw to (1.69) must satisfy 


neu v ey (1.74) 


on the boundary S of the conducting fluid, where U is 


aL 


the average magnitude sof 4 uva%cn 8S /"and =n @yis*the ‘unit 
vector normal to S. If e<<l , it is reasonable to assume 
that 
a 
neu re et On Ss (157 5) 


Applying Gauss' Theorem to a cylindrical volume Vo 
coaxial with g& and bounded at the ends by sections of §S , 
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= .@) (i 6) 


where C is the cylindrical side wall of the volume V 


From (1.76), 2t follows immediately that 


2a{ui-ag = (cagxui)jas = o (1.77) 
c o ? 
where 0 4 represents the azimuthal component. Substitu- 
Ele. 69 Into CL.) mandecacteringsOouc, -NersGensity. py, 
we have 

{(jxB),48 = [(gp-Fty, ds (1.78) 
ee 


(ZP-E' Vy = O on C (1.79) 


LemcOrlOws LrOMmelafo) sche 


ae 
fix B), ds (1.80) 


Equation (1.30) isa lor’s consretency condition. 
Lt depends on tie assiunpticonethat: (1.70) =—(1273) and (i779) 
are all valid. For the geodynamo, (1.71) and (1.72) are 
certainly true (see sectton 6.1), and we may certainly 
choose meaningful time scales for which (1.73) is satisfied. 
The stratification parameter 
NO/0) Sees CIs 8.1 ) 


where Ap represents the change in density over the length 
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scale L . On the boundary-layer length scale 6 , (1.70) 
is certainly valid, so that (1.75) is a reasonable approxi- 
mation. Furthermore, the main flow yt is predominantly 
azimuthal, while the density gradient is predominantly 
Padial. mlcsLollows that 

{veut de = ~ [outs SE ae % O (ee) 

Cc 

even though the stratification parameter (1.81) is not much 
LeSsathaneuni cy wine Vallaity OL thes Taylor condition 
(1.80) in the geodynamo thus depends mainly on the assump- 
CLOnm( io fe iempLObaAb laity eOlwsionloaCanteaz mutha lrbody 
forces in the geodynamo is discussed in Chapter 6. (See 
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Yet another interesting approach to the hydromagnetic 


dynamo problem has been suggested by Busse (1973a). He 
attacks the problem by treating the Lorentz force term 

= (5 x B) as a perturbation term in the momentum balance 
equawion. 9 In order rorethis approach to be: valide an the 
case of the geodynamo, it is necessary for the toroidal 
field in the fluid core to be much smaller than the values 


3 T) commonly assumed. 


OlLeseveral snundred gaussm [Ge sl. 
Busse (1978b) claims that the toroidal field in the core 
should be less than an order of magnitude greater than the 


poloidal field. 
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1.8. SipeDuiving,-Aonces. in.the, geodynamo 


At the present time, there is no general agreement 
on the type of body force which is appropriate to the geo- 
dynemoe(see, for example, sacove, J9/2b; Matkuse, 19720). 
Objections to thermal convection in the outer core have 
been raised by Htggins and Kennedy (1971) and Kennedy and 
Higgins (1973), who suggest that the temperature lies close 
to the melting point of the core material, and that in most 
of the outer core the melting-point gradient is much less 
steep than the adiabatic gradient. A temperature distribu- 
tion of the sort proposed by Kennedy and Htggins (1973) 
would imply that the outer core is stably stratified, except 
within 200-300 km. of the outer core-inner core boundary. 
Thermal convection would therefore be restricted to 3-4% of 
the volume of the fluid core. 

Several arguments have been advanced to counter the 


proposals of Higgins and Kennedy. 


a -eeNeLULNGeCunVe FOL (DULCE lO. Htggtns and Kennedy's 


estimate of the melting curve for iron may be incorrect, 
Since it is based solely on consideration of the solid 
phase. “Léppatuoto'’(1972; see atso Verhoogen,°1972), 
using stgnificant structure theory of the liquid phase, 
has obtained a revised estimate of the melting curve of 
iron under core conditions, and finds that both the 


melting temperature and the melting-point gradient are 
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greater than those suggested by Atggins and Kennedy 
(1971). On the other hand, Kennedy and Higgins (1973) 
argue that significant structure theory may give 
anomalous results when applied to melting phenomena. 
Bireh (1972) has reviewed present knowledge of the 
melting relations of iron at high pressures, and suggests 
that "...it appears to be unrealistic to claim that the 
melting temperature of iron, at core pressures, is known 


EO RW DEI hwo 0 Ooms 


b. Adiabatic gradient. Htggitns and Kennedy's 
estimate of the adiabatic gradient in the outer core 
may also be incorrect, since it too is based solely on 
consideration of the solid phase (Jacobs, 1971a,b, 
Uae AAIEL Ven yale nos tKkennedy "and dhugqguis . 81973; Skragen, 
oOo me sAGODS (1971.0, Lev ed) cana Biren (1072) have 
suggested that the adiabatic and melting-point curves 
in the outer core may be nearly coincident. A relation- 
ship of this sort could lead to a state of marginal 


StabiLLey lil se Ney OULCT BCOlLem (I CCOD se mie Taal oie). « 


cs icComposition The arguments of Higgins and Kennedy 
(1971) are based on the properties of pure iron. The 
presence of a lighter alloying component in the outer 
core, required by density considerations, may lead to 
substantial modifications of both the melting-point and 


the adiabatic gradients (Jacobs, 1971la,b, 1972a; 


pinion ont qyani 
oor eb Bee yoni “ a 
anova eat ston on bok, ' 


oh ghiorie'sih ban en regrk 

Stoo wawo sit ni sgnetbarp eer ails to osemises. is 

no yislos beasd ai oot tk sonata ,dsoxidont oct oats ysm, a 

iyst Nh cedosps) sesda BiLoe eft Bo nottstebkanel |. 7 | 

ptsnnrd LESGt Lets QRah. Baw ghsriwsxk ~shel Rowse yeSSQL og 

sved (Set) Sorte bas (n88et. ed ep Tet) sdoshe 6hBS8I io) =F 

veaviuo daatog-pritiem bns nitsdsibs eft tsit betaspeve Z 

=fottelex A .dnsbionios yiteen ed yan eto5 t1edu0. ont ai, 4. : 
[sntpres to sdste 6 ot BSeol Biuoo tuoa abit to aasle, | 


‘hess et 24 ae esdoons) e209 tetH0 ans nt yitlidssa oh] 


yborires be asbigy et to esnemupis oft sholsdteogmoD oS 
edt .noxt sxiq to eoisneqox ait ao boesd ets (Sth) . E 
teduo sid nk dnsnoqmas, waders es 6 26 comers ae 


cr amie a | z rot 
Loge gt adn t ser ved Si) ' 


ii 


68 


Anderson pal ovagepyorabisand Murthy }51972; OBTRPeEhGOTa7 2s 
Braver, SLOAS > TSeevargjnio7 Spuvekennedy -andyktgg tus 
(1973) argue, however, that the meagre evidence avail- 
able on the behaviour of saturation curves at high 
pressures suggests that "...if the adiabatic curve falls 
on the wrong side of the melting curve of iron, it will 


be even more on the wrong side of a saturation curve". 


qd. Radioactive potassium. If the lighter alloying 


component in the outer core is mainly sulphur (Murthy 
ana Hall, 1970), much of the radionuclide ee present 
in the Earth will be located in the outer core. This 


— watts/sec , 


heat source would provide an estimated 10 
more than enough to drive thermal convection (Murthy 


Cmts alo a GOCE CCL tla) ard GCOS, Iori? BLaeey . 


e. po Lug vaae Even if the temperature distribution in 
the outer core does lie along a melting curve with a 
shallow gradient, it is possible that the core fluid is 
a slurry of fine iron particles suspended in an iron- 
rich liquid. Under certain conditions, a suspension of 
Lius type can pehave as an adiabatic f£luid) (susce, 1972; 
PLeaseer, 10725 Matkus,. 19720) e5 Lie 1s Likely, NOwever, 
that the slurry particles would be unstable (Malkus, 
Lo72a; Kevnnedg, and Arogginse, J97 6). Fin addition, seismic 
evidence on attenuation in the outer core seems to cast 


Gd0ubt on the possibility of a slurry (S7ren, 1972). 
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f. Internal wave motions. Even if the outer core is 
stably stratified against convection, the geodynamo 
might still be driven by internal wave motions (Bullard 


Gna Gube2neg VIP ILO Woe 


A further objection to thermally driven models of 
the geodynamo arises from consideration of the constraints 
imposed on heat flux in the core by surface heat-flux 
measurements. There is some question as to whether the 
thermal energy available will be sufficient to maintain the 
Magnetic field against ohmic loss. There is also some 
question (Malkus, 1972b) as to whether the gravitational 
separation mechanisms proposed by Braginskit (1964d, 1967a) 
and Urey (1952) can supply enough energy to drive the geo- 
dynamo. 

MaALRUSICTO6CICAGV I aGb,-1972b)-and stacey(1973) 
claim that there may be just barely enough energy available 
from precession to drive the geodynamo. However there are 
substantial objections to several of the arguments used by 
Matkus in support of the precession-driven geodynamo 
(Jgecope, Chan, and Krager, 1972 essacobe, 10/2bD> Rochester, 
Dies tallies SERGE IN Es 

Le Ls dit incult sto .commienseon theavalLiadity, of 
turbulent force models of the geodynamo without some know- 
ledge of the mechanism by which the turbulent force is 


assumed to arise. However, it seems unlikely that 
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turbulence in the core will be homogeneous. For this 
reason, the model proposed by Moffatt (1972) seems inappro- 
priate. Furthermore, Moffatt's requirement of a net energy 
flow parallel to the rotation axis appears unlikely to be 
met in the geodynamo. The inhomogeneous model proposed in 
sectton 6.5 of this thesis may provide a more useful 
approach. 

In conclusion, attention should be drawn to several 
other forces which may well influence the behaviour of the 
geomagnetic field. It has been suggested (e.g. Jacobs, 
1970b) that a correlation exists between the frequency of 
field reversals and the time rate of change of the speed of 
rotation of the Earth. This suggestion implies that the 
term (o079t)x © Jim the Navier-Stokes equation (1.47))*may 
be important. Other forces which may be of interest are 


those due to oscillations’ of the Earth's inner core 


(Won and Kuo, 1973), and those due to roughness of the core- 


Hide ,1967; 
mantle interface (ut de ane, Horat, 19608; Hide, 1969a; Hade 


Ciawla Lig, £19 20., 091s nC eIGCODS., LO71e;stprantm, 19726). 
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1.9 The mathematical nature of the dynamo problem 


1.9.1 The kinematic dynamo problem 


Mathematically speaking, the dynamo problem is 
extremely complicated. However, the problem has several 
general features which should be noted. Let us first consi- 


der the kinematic dynamo problem. Let e€ represent all 


space, V a simply-connected volume embedded in ¢ , and S 
the surface of V. Assume that n= > in e-V and vn # 0 
in V . The kinematic dynamo problem is then specified by 


the equations 


[ofot - nv") te at (u i) big tiwiwenié ale he a 
ye Be BP 0 in e-V (1.84) 
sa = Fatal aed ie Gigtstey| 
and the boundary and initial conditons 
r°B bounded in ec CoG) 
<B> = O shows, (L767) 
B(r,0) = Bo (r) (ieeo) 
where u is an allowable flow (see sectton 1.4.1). It can 


be shown (Backus, 1958; Childress, 1968) that a solution to 
the problem (1.83)-(1.88), together with appropriate initial 
and boundary conditions on Bly uniquely determines the 
SOLULLONS tO (ine) —(L.6)) ana (Ulelo) >,  PLrOVvViGed etna. the total 
initial charge on V is known. 

The problem can be reduced to one on V_ alone by 


elohen Bele Mine et- he B can be represented by a scalar potential '¥ 
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anoitsups sit 

(£8. 2) i st Gap ag = gtue- sen we 
(b8. 1) V-a ai 6 = 2x V7 “7 SOeR ee | 
(28.1) >» né | o = &¥ 7 : ; 

anotibnoo Isitiak bas yrsbauod edt Bae 
(98.£) | 5 nk) Bebayect as a - 
(v®,1) 2 fio o = €&8&> : ; 
(88.4) (x). = (xg are) 
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{feldint esiskiqorqqs dtiw sedtepor _, (86-1) -(€8.1) meidotq oAt 


in e-V , where 
P : 
Velo = 0 in e-V (1239) 
rey bounded in e-V (1.90) 


If the normal component of the gradient of Y¥ is specified 


on S , the external problem (1.89) has a unique solution 
Ot ee ee nu Sk ON uc iy eC oter minced .in evo by its 
HOrmal, component son .~.S . Because vf the continuity condition 


(Loti On S jothe tietq ine Vesmustisatisty +he vboundary 
ConaiTtion 
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Diack LF anise) 
The problem in V is then a linear differential system in 
B , ellipticieinespace andeparabo bie tinitimeerel tishould abe 
noted that equation (1.85) can be considered as an initial 
condition (see thetdte cussion tn Sectrow alse 13): 

A dimensionless velocity u/U can be termed a 
kinematic tdynamo i(Chitdrese, 1968) if sit ssatisfiies»the con- 
daeriion s': 

a) The kinetic energy of the system remains below a 


specified value 
ie a ( tputde < (const.): PU? , +20 (ie Oa) 
Vv 


* 

b) There exists a magnetic Reynolds number RL = UL/n 
less than ©, such that the kinematic dynamo problem 
has at least one solution (B, E) for which the mag- 


netic SESE Ene € approaches a positive upper limit 


elish te, He kee 4 


(28.1) 
(9@ 2) 
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Rim sup P {ms | x 2 } >O (1.93) 
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(Thts conditton ts somewhat more stringent that the 


CONALLTION. Suggested tn "sectiom I.4.1.°) 


igs uy B , and E are all independent of time, the 


kinematic dynamo problem reduces to an elliptic system, 
Jinearm an 9B = Jf the equations are written in, nondimen= 
sional form, the magnetic Reynolds number appears as an 
eigenvalue, and the dimensionless velocity u/U ie ols Ca 
tionary dynamo if and only if the kinematic dynamo problem 
has an eigenvalue R # © (Childress, 1968). 

In the general kinematic problem, there will be a 
spectrum of magnetic-energy growth rates for a given velo- 
city” u-. ‘The largest “possible *growth rate ‘is *given *by the 
difference between the maximum rate at which energy can be 
supplied by the interaction between the velocity and mag- 
netic fields, and the minimum rate at which energy can be 
lost by ohmic dissipation. It can be shown (P.H#. Roberts, 


C6 7 itLoat 


a 
Me = & fom olar 
sae oink. rs “by 
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is the rate of strain tensor. No energy is lost by radia- 
tion in the quasi-steady approximation. 

dT Let seetitem tas Gest ered merce val tic of the sym- 
metric matrix ey at the point eee retry A is the lar- 


gest value of A (x) FOLrePOLNtCS =eneeVto =, se nen 


{ Bi ei; Bi dw < [ Ate) B.B,; dw 
Vv W 
£A( Baw <¢ Af Bde 
Ms é 
= 24. AM (1.96) 


Similarly, it may be Shown (f.8. hoberre, 1967p) that 
(j% dv > 2cm (1.97) 
v 


where C is the smallest possible decay rate for normal 
modes of the induction equation in a stattonary volume V. 


Dimensional arguments show that C is of the form 
2 
fe Ae (1.98) 


WHELEMEKe= K1iV) 9." (Por a sphere of madris) “ih 4 9 kK = 1) 3) 


Substituting (1.96)-(1.98) into (1.94) we see that 
oM/ot < 2(A - C)eM (1.99) 


or 
of (A me MESS 


M(t) € M(0) (OREO 0) 


For dynamo action ‘to Occur#it is necessary that “A -3°C 


~- 1.6. 
Nt Antex de (1.101) 
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AL? /n may be interpreted as a magnetic Reynolds number, 
Since A has the dimensions U/L . 

It must be realized that the elliptic equation (1.83) 
is defined for an ensemble of dimensionless velocities u/U , 
not all of which are dynamos. It is necessary to decide 
which of these velocities will belong to the class of dyna- 
mos, a problem which involves the generally nonlinear 
correspondence between the existence of an elliptic equation 
and the nature of its coefficients. This problem is dis- 


cussed in some detail by Childress (1968, 1970). 


Childress (1968) has pointed out several symmetry 


properties of the kinematic dynamo problem: 


a) ame Lec B(x nt) is the solution to the kinematic dynamo 
problem satisfying the initial condition B(xr,0) = B, (4) 


then -B(r,t) is the solution satisfying the initial 


~ et 


condition B(xr,0) = ~Bo (x) 


b) If the volume V is invariant under spatial inver- 
sion (x Shek) Enel ene kinematic dynamo problem is 


invariant under the transformation 


eB ir, See eee et) ee Re 
CL 02) 
14 { Bart) ’ BXS2 7) Pe Lycian, Rn 
Se li io, 2) Suswas System On CYLinuLicaL coordinates, 


the kinematic dynamo problem admits a formal class of 


solutions satisfying the parity requirements: 
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The kinematic dynamo equation (1.83) is not self- 
adjotnt. However, Namitkawa and Matsushita (1970) have stu- 
died the equation in detail and have shown that it becomes 
self-adjoint for a curl-free velocity under a suitable 
restriction. Lerche (1972c) has investigated the equations 
from the Lagrangian point of view, and has derived a varia- 
tional principle for computing the eigenvalues of the dynamo 
aust TOA6 subject to the appropriate boundary conditions. 

He suggests that this method has decided advantages over 
other numerical techniques which have been used in investi- 


gations of the kinematic dynamo problem. 


lowes Lie hydromagnetic. dynamo problem 


For the hydromagnetic dynamo problem (1.45)-(1.48), 
the difficulties encountered in the kinematic problem are 
compounded. We must now solve for Uje- “Bo; ands spas, 
ASSUMING Sthat therbodysrorce Ceicityy Pasand ithe ri nidedens 
Sity p are given. The implicit nonlinearity introduced 
by the necessity of determining which of the possible fields 
Dang pee Leads cOsdyiamo aClione io severe unless all, terms 
involving Vp are ignored. In addition, the equations are 


expliettly nonlinear because of the terms u*Vu_ and 
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pu (Vx B) SUbeel elem iay wer -oLOkeS equation, and the term 
aes (u xB) in the induction equation. Some simplification 
is obtained if the inertial terms in the Navier Stokes equa- 
tion are neglected; however, the nonlinear Lorentz force 
cannot usefully be neglected, since it provides the desired 
back-reaction of the magnetic field on the flow. The only 
simplification possible here is to treat the Lorentz force 
GSmeeDerturbaulLon, teLmM (hUScereld/oa; see SeCeLon Jfd.4). 


Chttdress (1968, 1969) has proved an anti-dynamo 


theorem for the hydromagnetic dynamo problem in the 


magnetogeostrophte approxtmatton (1.69). The theorem may 
be ‘stated as*follows: tf u- amd B are axisymmetric 
ieec sea niee le oU je LiCTY eh IMUCtAgO WOugerO GS. Q°Gas os 


even tf an a-effect ts present. 

Chitdress (1968) has also pointed out certain 
symmetry properties of the hydromagnetic dynamo problem. 
Te (ip Oz) is a system of cylindrical coordinates, the 
hydromagnetic dynamo problem admits a formal class of 


solutions satisfying the parity requirements: 
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1.10 Summary of Chapter 1 


This chapter is concerned with dynamo theory and 
its application to astrophysical magnetic fields. Most of 
the material presented is taken from the recent literature 
on the subject. The principal original contributions are 
to be found in section 1.1, where a detailed summary of 
present observational knowledge of astrophysical magnetic 
fields is presented, and an attempt is made to determine 
the validity of the "flux-conserving fteld compression" 
hypothesis concerning magnetic star evolution, and 
Sehuster's hypothests concerning magnetic fields in massive 
rotating bodies. The data available neither confirm nor 
disprove the "flux-conserving field compression" hypothesis. 
Schuster's hypothesis, however, gives erroneous predictions 
for the dipole fields of the Moon and terrestrial planets 


other than the Earth. 
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2. MEAN FIELD ELECTRODYNAMICS 


OT te Lneroducrs On 


In this thesis we shall be concerned mainly with the 
"mean field" approach to the solution of the kinematic and 
hydromagnetic dynamo problems. This approach has received 
considerable attention in recent years, and extensive 
reviews of the subject have been written by P.H. Roberts 
(lev ial Lravee and Radler (19/71)5. Parker (1070a,0,c¢c, 
d0¢ia-;/ and Lerche and Parker (1971, 1972). The Bast 
German school (Steenbeck, Krause, Radler, et al.) have 
introduced the term mean field electrodynamics (MFE) to 
refer to the study of electromagnetic fields in conducting 
fluids, when the fluids are in turbulent motion. 

The standard notation of mean field electrodynamics 
Wi lleewUused al (bee .n Or econple . boleh Ouerts, LOT Ig... 
The fields studied are assumed to have random, or 
"turbulent" components, so that the concept of a statistical 
ensemble average is appropriate. A given field F (vector 
or scalar) can be decomposed into an ensemble average (de- 
noted by an overbar) and a random, or fluctuating component 
(denoted by a prime). 
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These components have the following properties: 
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In general, a field F will be both position and time- 
dependent ys Wevohall (denote the postilon vector iby) x 
the time by t , and write 


ut = B(x, t) 


and 
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Aneel ypes of turbulence 


2.2.1 General considerations 


We shall be dealing with quantities which depend on 
the joint probability distribution of the values of a field 
at several points in space and time. Batchelor (1953, p.20) 


defines 


as an m-order, n-potnt product mean value, where 


(Lyreee re Ey-y) is a 3(n-1) dimensional vector specifying 


the configuration formed by those n of the points 


(Xe + 1X) which are distinct. We shall extend this 


definition, and, refer to 
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as an m-order, n-potnt, q-ttme product mean value, where 
gc) is a (g-1) dimensional vector specifying the 
configuration formed by those q of the times (ty resort ) 
which are distinct. 


The invariance properties of the scalar 


quantity 
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where the (13) are unit vectors and the Einstein summation 
convention applies, determine the form of oe és 
108m 


(Robertson, 1940; Batchelor, 1953, pp. 40-45). The 
invariance properties of interest are those which refer to 
spatial and temporal translations, rotations, and reflec- 
tions of the configuration of points and times defining the 
average, combined with the unit vectors (L.) . The various 
types of turbulence can be characterized by their invariance 
properties, and special terminology has been introduced to 


describe the simplest types of invariance. 


a. Stationary turbulence. QO) Vs invariant with 


respect to arbitrary temporal translations of the con- 


figuration of times (ti ,---,t,)- Therefore both Q 


and 9 (™) are independent or "to. 
Aaye+7a - 
b. Homogeneous turbulence. Os invariant with 


respect to arbitrary spatial translations of the config- 


uration of ‘points (X)7-++ 1 X,) . Therefore both Q 
and @ im) are independent of x 
ayes, os | 


Once homogeneity is assumed, further conditions on 


the spatial properties of the turbulence can be introduced. 
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In each of the next six definitions, the term homogeneous 


is omitted, although it is to be understood. 


er looLt Opies eurDuUlence. OF Ss tinvarlant. with 
respect to arbitrary spatial reflections and rigid-body 
rotations of the configuration (LyreeerEn-yidqe- +s dm 
When homogeneity is taken into account, we see that 

Q is invariant under the extended group of roto- 


translations in 3-dimensional space (this group includes 


spatial reflections as part of the rotation group). 


Definitions (a)-(c) agree with those given by 
Pavcharom (itod,8p.) 16 andap.. 44) .. Unfortunately, ethis 
terminology is not universally accepted. For example, 
because it is often convenient to separate the concepts of 
reflection and rotation invariance, some authors do not 
include reflection symmetry in their definition of tsotropy 
(eagsmt she enoberte geo r io) se Lie, term teOtmonia, mirror 
symmetrie turbulence is then introduced to refer to what 
Batchelor calls tsotropie turbulence (e.g. Krause and 
poverte,; 1975). The term statistically, stead) turbucence 
provides another example. In some cases (e.g. P.H. Roberts, 
197ia) this term is used in place of stattonary turbulence, 
Wielevinv others (e.g. crause and Hoperte, 1975), 1t 1s vsed 
in place of stattonary, homogeneous turbulence. In this 
thesis we shall retain the classical definitions of 


stattonartty, homogenetty, and tsotropy. However, we shall 
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also use terms taken from elementary particle theory (Fonda 
and Ghtrardi, 1970) and crystallography (Shubnikov, 1961) 


to describe other types of invariance. 
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QO 16 invariant under spatial inversion, or “reflec- 


tion iieaspOmit  fonulpAtnol. 1051) Of the configuration 


Oey ea? - We have used the notation 
ee! = (Saree erEn-pidqr-e s+ bm) 


This operation consists of a 180° rotation about some 
axis, followed by reflection in the plane normal to the 
axis of rotation. When homogeneity is taken into 
account, © is invariant under the group of transla- 
tions and spatial inversions, but not necessarily 
invariant under the rotation. group or any of its sub- 
groups (other than the identity, of course). The term 
P-itnvartance is taken from elementary particle theory 
(Pomda and Ghirard:; 19709 pp. 69 and ps 7695), with  "“P" 


Stan ingwnOL parr. 


e. PReciVvol lan cee PaO Se UO] LeOcrOULCe sCULbULenCa. 


QO tS anvariant under rigid-body spatial rotations, 
but not necessarily invariant under spatial reflections. 
When homogeneity is taken into account, Quis anvariant 
under the restricted group of rototranslations (which 
excludes spatial inversion), but not necessarily 


invariant under the extended group. Again, the term 
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R-invaritanee is taken from elementary particle theory, 
though with less justification than the term P-tnvart- 
anee, Since we are not considering rotations in four- 


Gimensional space-time. The "R" stands for rotatton. 


£. "“Skew-isotropic" turbulence. Oe as invarient 


under rigid-body rotations, but changes sign under 


Spatial inversion. 


Ueneeoxial y=svmMeunlGus or vax symmetric. je Curbulence, 

QO is)invariant under spatial rotations of (riil.) 
abOuLs aegiven Unity vector @Ay Cand Invariant, under 
spatial inversion. When homogeneity is taken into 


account, Q is invariant under the extended group of 


rototranslations applied to the augmented configuration 


gsi! = 
Dee ale Vek PnVveardant acl LDULence, QO is invariant 


under the restricted group of rototranslations appliec 
to the augmented configuration defined in (g), but not 


necessarily invariant under the extended group of roto- 


translations. 


in@aSsimidar Lashieony turther conditions on the tem- 
poral properties of the turbulence can be introduced once 


stattonartty is assumed. 
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te "T-invariant" turbulence. Q is invariant under 


the operation of time reversal applied to the times 


(yey te) ae Thus Q is invariant under the trans- 
formation 
Spee ee > re i yeh ini gine 


Takingtstationari tye into! account; Oieds®invariant 


under the group of temporal translations and inversions 


applied to the configuration (tT) , where 


BN q-1) 


The term T-itnvariance is taken from elementary particle 


(ie (Trees rT 


Cheery fovda and Giivardi, 19/70,. pp. 104i 7. ). 


The types of invariance defined in (d)-(h) can of 

course occur in combination with the type defined in (i). 
There are also types of invariance which refer to spatial 
and temporal transformations applied stmultaneously to the 
configuration psepieaai ge - We shall be particularly 
concerned with 

j. "“PT-invariant" turbulence. OwFiseinvariant vwUnder 

the combined operations of spatial inversion and time 

reversal, but not necessartly under etther of them 


separately. Again, the term P7l-invartance is taken 


from elementary particle theory. 
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The various types of turbulence defined above are 


listed, with their properties, in Table ll (see p. 90). 


2.2.2 Two-point, two-time Gorrelations 
In this thesis we shall be concerned mainly with 
two-point) .two-time correlations. From (2.2), 
0!) (x eee) eee Liat (ose Sten) elie eee anteaters) 
ijp wl, lin’ dees ae | Ja dtd ay 
We shall use the standard notation 
of) (x teers) = Ree ee Ce) (2773) 
ijm wily li~? * igjeel’ —l to! 
From the definition of the two-potnt, two-time 


ecorrelatton tensor Ris we see that 


Ris (KpetyigeT) = Roy (xyte, tytti -zE, -7) (2.4) 


In the case of homogeneous, stationary turbulence, the 


dependence of Ri; on xX) and ty drops out, and) (2.4) 


becomes 
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ate Cle) (235) 


The operation of spatial inversion is represented by 
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(xrd 73577) i (-r,-L,/-15/7) 


Clearly, 


= x = Y hs 
Q(-r,-1,--lL5-T) a ( 1h) Ce es Rae | Tey) 


= G(r ht) 
It follows immediately that the property of P-tnvartance 


implies that 


a SE) = a a8) [P-invartance] (206) 


Combining this property with (2.4'), we have that 


Rea (cnt) = Regizro) [P-invartance] C2. Gon) 


In a similar fashion, we may show that 7-tnvartance 


implies 
Ris (ert) = ahs [T-tnvariance ] 2 sada) 
a = we $e - ! 
Bee eo) = aa ee) [T-invartance ] b2 ee/na) 


Res (ert) = eg ez) [PT-tnvartance ] (uc) 
Ria te1) = a esr [PT-itnvartiance] (oe) 


It will be noted that while P- and T-invariance combine to 
give PT-invariance, PT-invariance does not necessarily imply 


either P-invariance or T-invariance. It will also be noted 
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that PT-invariance implies symmetry of the tensor Ri 4 


under interchange of its indices. This property will be 


considered in greater detail in Chapter 3. 
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2.3 .The kinematic dynamo problem - Green's function 
techniques 


2.3.1 The dynamo equations 


We shall now apply the mean field approach to the 
kinematic dynamo problem. Writing ue and) By ingthesform 
(2.1), substituting these expressions into the induction 
equation (1.16'), and separating the average and fluctuating 
parts of the equation, we obtain the coupled system of equa- 


tions 


{ Ye -av}B - curefuxB} = curéfu'x B} (2.9) 


i%t —qv*} Bo - curk£{ ex BY 


= curk { ux B + u’x B’ = u' x B'} (2210) 
where A 
divB = div BY = O (RS) 


ceo seee lice LirSt-order solution. to-tne  .luctuacing 
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This equation can be solved by Green's function techniques, 
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Boundary conditions must also be specified for Bo eo ileka 


Simplicity, we shall assume that 
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and 
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so that the surface term in (2.14) vanishes identically. 
Finally, as noted in the introduction, the second part of 
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where Bae is the two-point, two-time correlation tensor 
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properties of wu 


2.3.3 Higher-order terms 


The full solution to (2.10) may now be developed by 


iteration (Krause, 1968a,b). We write 
U = : u \ + C394 6 e 
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as the first term in the solution, we have 
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Krause (1968a,b) has shown that the iteration process is 
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2.4 The kinematic dynamo problem - Fourier transform 
techniques 


2.4.1 Notation 


Results similar to those derived in sectton 2.3 can 
be obtained by using Fourter-Sttieltjes transforms of the 
Eiuctuatling fields su" sand “Be (Patenelor, 19635 pp. 2e- 
CON SNOT) GLb ml OU) « 

The Fourter-Stieltjes representation of a random 
vector function Teeter G) 1s>ot the form 
[ dECie 0) eitex+ ot] (201) 


@e 


£'(x,t) = 


yh mee 9 


This type of representation is appropriate when the integral 


[ox fat 1£Cx,t)1 


takensover the whole field is nov bounded. If f£@(x,t)" is 
a stationary, homogeneous random function - i.e. if the 


two-point, two-time correlation tensor 

Qis(xrtig' t') = Fp Get) £5 (xt) (2.32) 
satisfies the condition 
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- then 
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appearing in (2.34) is referred to as the spectrum tensor 
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(2.27) can be obtained, we must define Fourier representa- 


tions of u_ and B 
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and taking the Fourier transform, we obtain 


{ icos gk? } d Yo (le co) 


w-QA)YE dK dO 


~w wl ro ) ws 


— ik x [ [ {GcK,A) x d¥oCk-K 
(2.42) 


= ikx{ { {dzte-K,0-Q) x BCKQY} dk da 
K 


a 


This eguation must be solved for qY (Kw) as a functional 
of dZ (k,w) and the Fourier transforms of the mean fields, 
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244 42G,.S6lution of thedthluctuating anduction equation for 


uniform, time-independent mean fields 


Equation (2.42) has no simple solution as it stands, 
because of its complicated dependence on the mean fields. 
However, if it can be assumed that the mean fields are 
effectively uniform and time-independent on the length and 


time scales of the fluctuating fields, we may write 


> A 

u(K,2) = u(0,0) 6(K) 6(2) (2.43) 

~ A 

B(K,2) = B(0,0) 6(K) 6 (2) (2.44) 
Under this assumption, (2.42) reduces to 
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The solution of this equation is 
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2.4.4 Solution of the fluctuating induction equation for 
nearly uniform, nearly time-independent mean fields 
An alternative method of deriving equation (2.49) is 
COPSUDSCLtULe (2.35) ana (2.50) GiLrecclyYm@inco, (2ZeLS) vrenout 
using a Fourier representation of u and B. The equation 


for qY, then becomes 
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FS oo ee 
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—- dz(k,wo)- 7B (2.50) 
clearly indicating that ay, is really of the form 
aX, = AY (kK, wix,t) om ous) 


with spatial and temporal variation on the length and time 
scales of the mean fields. It is also to be expected that 
dZ will vary on these scales. Thus the fluctuating fields 
LY eee TLC De will in general be nonstattonary, tnhomogeneous 
random funetitons. In Chapter 4 a method for treating fields 
of this nature in a more detailed fashion will be described. 
However, for the present we shall assume that the length and 
time Bcales’ of the fluetuating feelde are suffictently short 
compared to the length and time scales of the mean fields 
for u’ to be treated as a stationary, homogeneous random 
functton, to a reasonable approxtmatton. This assumption 


is the underlying feature of the expansion technique 
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developed by Radler (1968a) and others for evaluating the 
term mucen (see P.H. Roberts, 197ia: Krause and. Radler, 
1971; Moffatt, 1970a). 

Neglecting spatial gradients of u and B, we 
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The result (2.49) then follows directly from the assumption 


that u' is stationary and homogeneous. 


2.4.5 Solutiongos. the ftuctuating induction equationtior 


"wave" mean fields 


The assumption that u and B are of the form 
iiprired by 42.40) (2.41), 42.43) , and (2.44) is clearly ‘a 
gross over-simplification. Among other things, it implies 
that the energy stored in the mean fields is not finite, 
and that these fields over all space and time. The 
assumption is thus strictly applicable only to the unrealis- 
bic case of ¢gurpulent, motion. 15 Qiatns tutte. 4 Lud, swith no 
boundary conditions implied on uw or B. 

If we make the more realistic assumption that the 
fields u and B go to zero as r > in the limit as 
r+ oo , the behaviour of the mean field transforms near 


K = 0 must be (Phillips, 1956) 
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+ O(K) (2533) 


and (2.45) must be replaced by a much more complicated 
equation. 
On the other hand, if we consider the case of wave 


mean fields of the type 


a A 
U(K,2) = ulK, -2,) S(K-K,) 6 (2-2,) (2.54) 
A A 
B(K,2) = B(K.,2.) 6(K-K,) 6(8-2,) (2.55) 
where 
A 
KO Bt i) = 0 (2.56) 


equation (2.42) becomes 
fico+ qhk?} dyo(k,w) 
==" Rx { GK) x Ao (k-K,, 2-24) } 


= ikx {dZ(ke-Ke, 0-2.) x Blk.) } (2.57) 


Here again we meet with the problem of infinite energy in 
the mean fields, but the spatial and temporal gradients of 


these fields are non-zero. 
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2.5, Evaltiaetion of, v1 hes BF 


ww ~z! 


2.5.1 The Radler expansion technique 


In the Radler expansion technique (Radler, 1968a; see 
Krause and Radler, 1971) B is expanded in the second inte- 


Gral on the right Hand side of equatron (2.22), according to 


Bextr,t+t) = Bex,t) 


+ 
ac 
+ v $ Bx,t) Ee (2.58) 


Toe sexpEession Lor. wie.) pbecomes 


SSeS ¥B 
y (K,v) on By 6 xt) 
EW), pa, 
Kv 9Xn,---OXn, ot 
(2759) 
+ €ije [ dx! Gp (%,5 Xt0) Uj Cae,t) BY Ger, te) 
v 
where 
(Kv) = 5 ¢ {Coo 
Jigen ~~ Stik Semn Enpg “Kr yT 


t-te 
[ [ae | At Gyolx,t, x-r,t-t) : 
v r-) 


; : Vv 
2. | RipGats tert RE tet } (2.60) 


The coefficients (2.60) are then evaluated under a number 
of assumptions concerning: 

a. the nature of the Green's dyadic ee : 

b. ,j thepsymmetrysproperties of jthe turbulence, uj 


Go. thesnatuceso: the meanytlow, u 
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: oan 
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Once u'x Bi has been evaluated, higher approxima- 
tions to u'x B' can be obtained from (2.26)-(2.30). The 
higher-order terms in (2.28) will involve higher-order 
velocity correlations. For-example, u'x By involves 


three-potnt, three-time correlations, wu'x Bo involves 


four-potnt, four-time correlations, and so on. 


2.5.2) Choice of Green’ s sunction 


The Green's dyadte most commonly used is that 


appropriate to an infinite domain for the case u = 10) 5 


Gi(~.tix-e,t-t) = 6 GCr,r) 


Girt) = Grqry 240k tx 0 (2.61) 


P 


= O ° t< O 


The choice of an infintte domatn Green's function is 
justified on the grounds that the turbulence extends over 
a region large compared with the turbulence correlatton 
Length. 

Results obtained using (2.61) can be extended to 
the case u = constant by transforming to a frame in 
uniform relative motion (Krause and Radler, 1971). Green's 
functions appropriate to several other types of mean flow 
have also been studied (Krause and Radler, 1971, pp. 36-37; 


Radler, 1964, 1969a; Krause, 1968a,b). 
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24.5.3 @compagmsonsoegtexpansion and Fourler transform 
techniques 


The zero-order term obtained from (2.59) may be 


compared with (2.49) when u = 0 and ce is given by 


(22 Ol) we @ We Nave, «trom 12.59)" 


fu'x Bi x Bi hy, z gic? B By + Cije jo Gp LE x) to) Uj (Xt) Bo, (x,t) 


a tet de [de Congr & Mat 
~ bjg fmn fine’ dt 4uqt 


- f] ik, Sp Ck, w)e stile: c crue de dea 
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(2.62) 
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space 
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where we have made use of the definitions 


Riyj(x,tixer,ter) = {{ S.C ,w) etl +otd ated (2.63) 


Ro 


ANG woo) ee 3) (2.62) may be simplified by using the 


identities 


f dr ei kr - "lage 
all, space 
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Equation (2.65) is clearly identical to (2.49), with 
B (0,0) replaced by B pean 1 (0, 0) = 0. This equivalence 
shows how the untform, ttme-tndependent field assumption 
in the Fourier transform solution corresponds to the neglect 
of space and time derivatives in the Radler expansion 
technique, when the infinite-domain Green's function (2.61) 


is used. 


2.5.4 First order smoothing, and scaling of terms in the 
induction eguation 


In most studies to date, it has been assumed that 
the neglect of C! (see equation 2.12) in the fluctuating 
induction equation (2.10) is a valid approximation. In 


other words, it has been assumed that 


u' x B' = ie x Bt (2.66) 
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Lerche (1971a) has named (2.66) the ftrst order smoothing 
approxitmatton. The validity of this approximation may be 
investigated by considering the scaling of terms in the 
fluctuating part of the induction equation. 

Assume that the fluctuating fields u' and B' 
vary on the scale of the turbulence correlatton length, 


A. and correlation time, can while the mean fields u 


— 


and B WALY On etne scalesm lL. “and TT). ‘Further, assume 
that the magnitudes of u ; us ; B pearand B' arew tl, 
we ; @ , and B' - Then equation (2.10), which will 


be rewritten here for convenience, 


Big qv! - curl [Ex B'} ~ curt f we } 
@ ce) ® 6) 


— cuwlfy'xe —y'xB’f} = O 


© 
scales as 
/ ‘ WL @ 
Cacao oe 2a) 
® ®@ @ @ © 


where 


Rm = Unrc/y (2. 68) 


and 


$= re /n te (2.69) 
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When u = 0 , the term ©) in) (2.62)4drops tout; tand,sthe 


equation reduces to 


shy ae ae Rin (14 AX Ye + 1)} =O (2.70) 
® @ @ @O 


La de << L , we have 


Gnfa+ 1 + Rm(S%e+1)} ~ oO (2.70') 


® @ ® ®© 


First order smoothing corresponds to the neglect of 
term 6) in (2.67)-(2.70'). There are two limiting cases 
to be considered (Kkravee and Radler; 1971). In the first 
DMeing case, sge<<01)). —lhesneglect or 6) then implies 


that 
C/R ~ Rn (4«1) Cle) 
and the condition for consistency is 
Ro <<a (q "<<" i)) (Demis) 


In the Second, limiting casé;) q >>91 . The neglect of 6) 


then implies that 
C/-= ~ Ry ¢ > 1 
/6 wk gt) (2273) 
and the condition for consistency is 
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It should be noted that in deriving (2.72') we have 
assumed that diffusion is negligible in the fluctuating 
induction equation. However, a dynamo cannot operate 


wiuthout’ditfusion (Cobltng Vlgaw. bIosy? It. follows that 


Teme ine Ss LOM be wvalLld, Oli ruslon must per signalicant 
in the mean field induction equation. If this is not the 
Case;) corm @ Must sbesretained in) (2.7/0); and the 


COnadrTeELons Lor G) to be negligible is again Rn pL. 
Bearing this restriction in mind, we may combine the 


CONS Stcnicy condi ti0cons (2604) )eand) (2.72) "and write 
Re 5 GRE cep) Zea) 


The consistency check carried out above can be 
extended to include the mean field induction equation (2.9). 


This equation scales as 


2B/oe -av7B - curk(ZxB) - cur (WB) = 0 


Vv 
@® @ @ @ 


Gaf Qe t+ REMY + ®%m)} ~ oO (2.73) 


© @® ® ©® 


where 
Qs LL (2.74) 
When) UWs=80e) (2.736) reduces sto the *condition 


‘ LeeA 
6/5 ~ ee Q) (2a) 


LEQ 


ft 


; 79 ae a i ae ; P 
yout ewobtot ax .(aget tae eri Sisad) olauttip 4 
jnsoltiogte sd deum notavizib ,bilev ed od ai nig Ae on 
efit ton at eldd 2% snokssupe nokjoubrt bieti asem edt ad 
sit Bas .('O8.$) at banksdot od teom @) med Ls 
. [>> mt aisps et gfdiviipen sa ot @ aaa 
git emidmos yem ew ,baim at pobtotxtest ets pissed _ 


stizw Bae .('ST.S) bas ('LT.S) enoisibnos youeteienoo — 


t 


("S02 ) tp 4 tr) >> sa ‘ - ras 4 


ad aso sveds to bsivaoo Aoado yorodeianos ont 
.(@.8) nottsups nokyoubat bieit neom edt ebulont of cote 
es eoleoe soidsups eidT 


) +e - atone» ier- 86 . 
o © oO 


(Ev. S) os ald?) 3 a8 2+ 13 
i) ® ® © As ee 


11d 


Combining (2.75) with (2.71)-(2.72'), we have 

ty 4 
@Q<<1) SE ~ Rm ~P)* (1+ Q)? « 4 (2:76) 
(q >> 19 6/a ~ Re/a ~ Ofer) (1+ Q)” « 1 (2.76') 


These conditions are clearly compatible with the assumption 


that We << ti7 Proviced. ChAave Oamlcenot too large. 


2.6 Solution of the mean field induction equation 
2.6.1 General considerations 


When the source term u'x B' has been evaluated, it 
must be substituted into the mean field induction equation 
(2.9), and (2.9) must then be solved for B. At this stage 
any assumptions like (2.52) about "uniformity" and "time- 
independence" of the mean fields are dropped, and u and 
B are allowed to vary in the expression for eT 
Ideally, the coefficients in an expansion like (2.59) should 
be allowed to vary as well, to represent any inhomogeneity 
Glee ue required by the boundary conditions or by the Navier= 


Stokes equation. 


2.6.2 The mean field dispersion relation 


In certain cases, it is possible to keep the solution 
of the mean field equation consistent with the assumptions 
made in deriving the)expression for™ju" x B” . “For example, 
oe 0 eand B has the wave-like form implied by (2.41) 
and (2.55), ifeas possibl’G”-to derive da dispersionsrelation 
for the mean field. This problem has been considered by 
WerCiemidgy las py, WeClueLona anasAloridge 419736), and Krause 
GUOeRODELE a (197 8). 
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making use of the first order smoothing approxtmatton 
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The expression on the right hand side of (2.80) is clearly 
a decaying function of time, while the expression on the 
left hand side may grow with time (Im 2 < 0) or decay with 
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time the right fhand side of (2.80) will become negligible 
in comparison to the left hand side, and the form of the 
mean field B will be determined by the disperszon relatton 
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Separating the real and imaginary parts of (2.83), we 


may write the equation in block matrix form. 
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det x = 0 (2.90) 
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PeGeuse Of the form of ithe block matrix; (2.90) may be 


rewritten in the equivalent form 
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2.6.3 An alternative derivation of the mean field 
dispersion relation 
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The results (2.84)-(2.91) may be compared with the 
results obtained using the Radler approximation technique 
in the first order smoothing approximation. The assumption 
that the initial conditions have had time to "die out" is 
equivalent to ignoring the second term in (2.59) and setting 
the upper limit of the time integration in (2.60) equal to 
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ohn (2293) 


The assumption, used in deriving (2.92), that term-by-term 
gntegrationnisgvalidsing(2+22)simplies. that the series on 
the right hand side of (2.92) may be Fourier transformed 
term by term to give a convergent Fourier representation 
(see, for example, Whittaker and Watson, 1927, p. 78). 


Thus, making use of (2.41), 


so that, taking the Fourier transform, 
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The Fourier transform of the mean field induction equation 
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om 


{idenk?} B. = i evsi Ks [u’x BS}; 


~ 


(K,Vv) iX*¥ OY 
b Ersi K; B, = Kv dign,.. Aco i@) Kn,---Kny (2 e 95) 


2 


A 


ign, 
= 962.0) : 
eats aKa 5, ») rn 
= 42” Q? + at (25:95") 


retaining only the first few terms on the right hand side. 


Takingereal andsimagindry. partcse0L (2.95 .), and 


noting that the ati are purely real, by definition, 
ign A 

we obtain an equation equivalent to (2.84). In this 

equation, ie and qe) are expressed as power series 


expansions of (2.88) and (2.89) about (K,&) =O); 


integrated term by term. 


2.6.4 Symmetry considerations 


If the spectrum tensor of the turbulence is 


symmetric under interchange of indices, 


ay ee = ae see C296) 
(i.e. @.. is purely real, because of equatton 2.89"), then 


ij 


ee Vani enesPldenuilcaLly yy .and. (2.05) (209k) reaquce to the 
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$m OL ~ yk? -~ eI = oO (2.97) 


ReQ + ImI = O (2.98) 


We shall consider these equations in detail in Chapter 3. 


2.7 The mean field hydromagnetic dynamo problem 


The techniques of mean field electrodynamics which 
have been outlined in this chapter can also be applied to 
the hydromagnette dynamo problem (Moffatt, 1972). We 


shall examine this application in Chapter 6. 
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2:0 Soulmate nape 2 


This chapter is concerned with mean field electro- 
dynamtes and its application to the kinematic dynamo 
problem. Most of the material presented is taken from the 
recent literature on the subject; however, several original 
contributions appear. 

In sectton 2.2 a new terminology, related to that 
used in other disciplines, is proposed for several types of 
stattonary, homogeneous turbulence with particular 
invariance properties. 

In sectton 2.5 a comparison is presented of the 
results obtained using Fourter transform and Green's 
funetton techniques in the mean field electrodynamic 
approach to the dynamo problem. 

Finally; 7in Section c.o the@mean*—tevdsateperston 


pelatton tor wave*mean fields is cast tn-a-novel determi- 


nantal form. 
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3. THE KINEMATIC DYNAMO PROBLEM AND PT-INVARIANT 
TURBULENCE 


Sue Hertcity, and cher maintenance or nearly: unitorm, 
nearly time-independent mean fields 


As noted an-section 12451, -assolution to the kine- 
matic dynamoyproblem consists (olsa pair of fields (u,7B) 
Such that us ise lallowables 2B ascatisties the induction 
equation, and the mean magnetic energy stored in the 
conducting fluid grows with time or remains constant. In 
the MFE approach, it is the energy associated with the mean 
field B which is required to grow (or remain constant), 
and the question to be asked is: what restrictions must 
be placéedeom the fluctuating velocity field we to ensure 
that dynamo actionewill occur? An important restriction of 
this type has been proposed by Krause (1968a), Radler 
(1968a), and Moffatt (1970a), who point out that perhaps 
the simplest method of ensuring that dynamo action can 


occur when u= 0 is to require that 


Di cum uw" ~ O Corea 


This quantity has been given the name helicity by Moffatt 
(1969). Its effect is seen most clearly by making use of 
Lie SvOuUnLer=Stlelijes representation Migio) stor Wu tC 


obtain (Moffatt, 1970a) 
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If the mean field B is virtually uniform and 
time-independent on the length and time scales of the 
turbulence, we have from (2.65) that 

e 4 ~ * F B M4 A) 
{u'x Bo} ca b Eijk Eemn Enpg | f peleg@ipenias 3 Us ) ate deo (3.3) 
ey co+ne? 
where the effects of initial conditions have been neglected. 


Also, assuming that the fluid is incompressible, 


SERENA = ty eS paca eau (S04) 


[POLCHELOlyeLo DO, 02 ate. SUDSCTLUCULAING (5.4, SILO Ao.) , 


and making use of (2.82a), 


fu'xB}, = ceajy [f ReBs Piel) ue deo (3.5) 
eco iw + nk? 


Clearly, if u'x Bi is not to vanish, we must require 
Eije Bip ZF O (376) 


But, from (3.2) and the nature of the spectrum tensor, 
(S060) is equivalent to (3.1) — i.e. in order fora turbu- 


bent velocity, fisld uo to be able to maintain a magnetic 
field B which is nearly uniform and time-independent on 
ene Lengti dnd time scaleés*of the turbulence, “a'~ "must 


have helictty. (THIS derivation, Of course, is only valid 


in the first order smoothing approximation.) 
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3.2 9PTrinvariant, turbulencejand nonuniform, oscillatory 


mean fields 


Ge. ee RS DeCLrUumM. Tensor. .OL StCAtLLOnNALy , homogeneous, 


isotropic turbulence 


It has recently been suggested by Lerche (1971a,b,d, 
i9Z2b,d)eand Lerehesandylow (197d) ,thatehéelicity is not 
required when B is nonuniform and time-dependent on the 
length and time scales of the turbulence. These authors 
consider the case of stationary, homogeneous, tsotroptc 
turbulence, for which the spectrum tensor ag has the 
simple form (Batehetor, 1953, pv 49) 

Sij(R,w) = Ee {8 7 RR; } (357,} 
in»(3.7),cewhich is valid for itneompresstble flow, 
E(k,w) denotes the energy spectrum funetton of the turbu- 


lence. This function represents the density of contribu- 


tions to the kinetic energy of the fluid in (k,w) space, 
and 
csis) oe ' 
[ deo j dk E(R,w) = > uiG,t) uj,t) (sts) 
oO ° 


is the total kinetic energy per unit mass of the fluid. 
Gonsequently; ~"2(K>G) "can néver” pe negative. 

ret ean@be@shown(barchetors 195s, pp. -se=20 Vol) 
that E(k,w) has the form 


E(k,w) = Co) kt + OCteo) (3.9) 
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3.2.24 BT-invarvance..and heLic sey. 


Since the spectrum tensor (3.7) is symmetric, it 
cannot satrsty=(Sio) —“rvrer"etartronary -rkomogenecuss 
DeCcTOU ECT Uurrrrence soem niomiel leery. “=ltiks lack of *hevirerty 
is a general property of PT-invariant turbulence (see 
section 222). As was shown in’ equations (2.4'), (2.8), and 


(2.8'), the correlation tensor for PT-invariant turbulence 


satisfies 
Rij (x,T) = Fa (ee) (33 eLs0)) 
Ri (rt) a Role! Ga a) 
antuD) = Ro5 (ert) Syegiae) 


It follows immediately from (3.12) and the definition of 


the spectrum tensor 54 Ehat 


Poetry) ay oho) (is ) 
Since wee must also satisfy the condition of Hermitian 
symmetry 
k = 7 k Spe Cy 


as a consequence of (3.10), the spectrum tensor for PT- 
tnvariant turbulence ts purely real. The converse is also 
true: turbulence for which the spectrum tensor ts purety 


real ts necessarily PT-invariant. 
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3.2.3. An anti-dynamo theorem for stationary, homogeneous, 
ISOCrOpicetcurbulence, in san incompressible fluid 


PT-invariant turbulence of the type (3.11) cannot 
maintain a nearly uniform B . However, it is still possi- 


ble that the turbulence might maintain a field of the form 


A : 
= caw ‘ 
Bix,t) = BtK,aQ) LES RASS (3.14) 
Lor a Suitable choice Oia'*(k, W)= tthe mecessary condition 
for the maintenance of this field is that (K,2) satisfy 


Che dLSpersion relatione (2.9/)—(2.99) with ~Ime2-< OG: 
Rewriting the dispersion relation for the case of 
stationary, homogeneous, isotropic turbulence, making use 


Ol (20c) yeni 3. 4) 7oand (3.10)7,.-we have 
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ReQl = — $m IK A) (3.16) 
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and (3.17) becomes 
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RETR REST ean: OnLy 
be negative if Re 0 < 0 for at least some values of its 
arguments, since E(k,w) is everywhere positive. From 
(3.20) we see that 
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can never be negative when Im Q < 0 
We have therefore proved that stationary, homogeneous, 
tsotropte turbulence tn an tneompresstble flutd cannot 
SUpDOYL GQ Growing magnecrte jitelrd of whe type (6.14), 


within the framework of the ftrst order smoothing approxtma- 


tton. An alternative proof of this statement has been 
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given by Krause and Roberts (1973). 


Se 2 4 whe censton OL the -ancl-aynamo  eneorem = PT-invariant 
turbulence in an incompressible BIE, 


We may extend the proof given above to show that in 
an incompressible fluid, a growing magnetic field of the 
form (3.14) cannot be supported by any stationary, homo- 
geneous turbulence which is PT-invariant. Turbulence of 
this sort will have a spectrum tensor which satisfies 


both .3:.C3jeands=enescondition of Hermitian symmetry 


Sot en EMEA OD (3.22) 


As noted above, the spectrum tensor must therefore be 
purely real. From (3.15) we see again that ImQ <¢ 0 
ifvand only 1£ ‘Re z (1) , aefined by (2:88), 1s less than 
or equal to Kae PCB UGp EL LOM Meco Go) (oO. 4) wand ne 
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This integral can be negative when Im < 0 only if 
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for some range of (k,w) - However, by Bochner's Theorem 


(see Lrduse and Robérve, 1973; Batchelor, 1968, p. 25), 
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the quadratic form 


DT yer pee ewer y Cras) 
ap ap Ww) ( ) 


Must be nonsnegative tor any choice/ol the complex vector 
XM LE aps is the spectrum tensor of a continuous, sta- 
tionary, homogeneous random process. Thus (3.24) cannot be 
Satlot ted a OneanvecnO1 ce: Om (k,w) and the proof is 


complete. 


ao eed Ure rou sene santa saynamo, Eieorem fOr PT-invariant 


in a compressible fluid 


The proof cannot be extended to the case of 
stationary, homogeneous, PT-invariant turbulence in a 
compresstble fluid. To see this, we may note that, by 
VLE CUeTOoLs (Ss. 13) pand #(S.22 ithe sspectzxrum: tensor 1s still 


purely real in the compressible case. Thus (2.88) gives 
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for PT-invariant turbulence. Therefore, 
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By Bochner's Theorem (3.25), each of the three quadratic 
forms on the right hand side of (3.29) is non-negative. 
However, the minus sign attached to the last term is suffi- 
cient to allow the right hand side to become negative. 
Consider, for example, the case $6. = ore , where 


JP 
@° > 0... --In this case, (3.29) becomes 


Kj(Kp+Rp) Sjp = Kj(Kptkp) °djp = S°K-[r+k} (3.30) 


fteiseclear trom (3:30) sthat if k*K <"0 and.) jk-K| > Es 
equation (3.27) will be satisfied. It follows that it may 
be possible for stationary, homogeneous, PT-invariant turbu- 
lence in a compressible fluid to support a magnetic field of 
the form (3.14), within the framework of the first order 
smoothing approximation. However, Krause and Roberts (1973) 
show that stationary, homogeneous, isotropic turbulence in 

a compressible fluid cannot support dynamo action in the 


case when 


q r2/nt >> 1 Giger) 


where dys and T, are the correlation length and time of 


the turbulence. 
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3.2.6 Reconciliation of the anti-dynamo theorem with the 


work of Lerche and Low 


The theorem proved in sé@cttons 3.2.3 and 8.2.4 1s in 
direct Contradiction to the work Of Lerche and Low (1971), 
who suggest that stationary homogeneous, isotropic turbu- 
lence in an incompressible fluid can lead to dynamo action 
for a mean field B of the form (3.14), within the frame- 
work of first order smoothing. The discrepancy between the 
two results lies in the fact that the correlatton tensor 
used by Lerche and Low does not satisfy Bochner's Theorem. 
In fact, their correlation tensor corresponds to a spectrum 
tensor of the form (3.7) in which the energy spectrum 
function E(k,w) has negattve values for some choices of 
(k,w) . Such. a choice of E(k,w) is clearly unphysical. 

Krause (1972a) and Krause and Roberts (1973) give a 
more detailed discussion of the work of Lerche (1971a-f, 
1972a-d) and Lerehe and Low (1971), in which attention is 
drawn to the discrepancy mentioned here and to several other 


inconsistencies. 
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symmetric’ turbulence 
It has frequently been stated in the literature that 
"mMirror-symmetric" turbulence cannot support dynamo action 


(e.g. Moffatt, 1970a). This statement is usually supported 
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by considering the case of isotropic turbulence (3.7). 
However, as noted in Table 11, teotropy tmpltes PT- 
tnvariance, and, as proved in the last few sections, it is 
the property of PT-invariance that leads to the impossibi- 
lity of dynamo action (at least under certain conditions). 
The anti-dynamo theorem proved in sections 3.2.3 and 3.2.4 
cannot be extended to the case of P-invariance (or "mirror 
symmetry"), since there is no general requirement that the 
spectrum tensor of P-invariant turbulence be symmetric under 
interchange of indices. It is therefore possible that some 
types of "mirror-symmetric" turbulence in an incompressible 
fluid can produce dynamo action, even within the framework 
of first order smoothing. The only types of P-invariant 
turbulence which might be able to do so are those whose 
average properties are not invariant under time reversal - 
t.e. the turbulence must not be T-invariant. Furthermore, 


as noted above, the turbulence must not be tsotroptc. 
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3. 3eluetThe effect ofan etial conditions 


Gtlit band and, Aldridge: (1273) ,havef discussed the 
case of PT-invariant turbulence in more detail, attention 
being given to mean fields of the type (3.14) which decay 
with time (i.e. ImQ > 0). Under these circumstances 
it is no longer possible to neglect the effect of initial 
Gonaditions on Bee eclOeLNescermeon thes rigntuwandesacel op 
(2.80) must be retained. When the turbulence is PT- 


invarlane;  sOuthet. (3.14) nolds,, (22.80)) reduces” to 
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a useful form. An alternative expression may be obtained 


by starting from the Green's function representation (2.22), 


with u-=0 and Gi, defined by (2.61). Substituting 


the Fourier representations (2.63) and (3.14) for Bg and 


B in this equation, and making use of (3.13) we obtain 
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3.3.2 Initial condition I - B' independent of B 


We may now consider the effect of various initial 


conditions on the form of the dispersion relation. If 


u's (x,t) B(x, to) = Oo (2034) 


or, less restrictively, if 
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equation (3.33) reduces to 
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where Rig (sit) is the spatial Fourier transform of the 
correlation tensor ae , defined by 
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304 =PTinvariane?’turbulence’ and -cecaying mean” fretdss— 


anitial condition iL 
3.4.1 The mean field dispersion relation 


Let us first examine the case when tnitial condttton 
II (3.38) applies. The dispersion relation is, rewriting 
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principal value. 
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When the turbulence is isotropic and the fluid is 
incompressible, the spectrum tensor is given by (3.7) and 
the integral (3.40) may be written in the form (3.19). We 


may then discuss the behaviour of the integral in terms of 
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several typical values of p . From this behaviour it is 
clear that the dispersion relation (3.39) has no solutions 
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From (3.00)", 


T(K QY 
(3.44) 


= EK" [ao [ay He, ECKE, ak'V4 REA) OLF, V5 dn Le) 


(1) 


Since E(k,w) is purely real, Re I is determined by 


m Ts? 


Re 0 , while I is determined by Im 0 


574.23, Themnature of the dispersion relation -—— contrast 


between oscillatory and non-oscillatory mean fields 


Since, -ims0) 1S an odd) function of Fv; while 
B({k,W)- is by definition an even function of @ , it 


(1) 


EO0llows= from (3.44) that Im I = 0 whenever Re % = 0 


Liethisecase, the imaginary part Of (3.39), 
ReQ = - Gm I%CK,A) (3.26) 


is satisfied identically. When Re 2 #4 0 , however, (3.16) 
Peano mLOngeeatt Avia livesatl sr aed, and m(o.oJmands (3).l0) 


may be considered as an eigenvalue problem. If we define 


“A A 
A-h(k,w) = ECR,w)/ 4 2 h(o,o) = 1 (3.45) 
and let 
ah kee cals (3.46) 
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(3.39) can be written in the form 


Yr 3 a 
(Bi wee ane (omreeap aon 


yd Benimxssob al (Dy on 


olidw , ¥ %0 mottvav? bbo ms et @ mE sonk® » a 
3t , w %o motsonvl asve os nots tei teb yd ek wus A 


0 = of xavenstw 0 = “2 mx sady (0b.8) ——— 7 
.(@E48) Yo sxsq yxsnipsmi edj ,seso aidd at a 


° 


(aL-€) Bi fai (O,n9°T et - = Oh | as 


Thain 

(@I1.£) ,sevewor , oe ef aodW .yIlscisnebt beitetsse 
(af.€) bas ay on neat sen yilsivixtd tepaol on at 
ontish ow 21 Soman! atl ns es bersbienoo ed ysm 


= Coad a 


(28.€) 


142 


Re P Re P 
eee) = ecdiee i” (3547) 


where A is a complex-valued integral operator. The 
parameter n/AK> may then be considered as an eigenvalue 
for the.problem (3.47). 

Solutions to the dispersion relation (3.39) are thus 
of two types - those with Re Q = 0 , and those with 
Re 2 # 0. In the limit as Re 2 + 0 , solutions of the 
second type may form a discrete subset of the set of solu- 


tions of the first type. 


sus sy cE dss le nnd wot” ch ey 
dgiw exodd bas , 0 = 0 Of iin aad ~ soqyd owe 3 i 

ont 20 enoituloe , 0 + 2 of es sail att at . OX OS 

~vlos 20 dee silt Yo Joadue edermeib » mot vem eax? Bak : 
at SRE 


= 


gic . . é rhe = | 
ws ‘isa a 
ye Ree 


4 4 
(onan 


Nae 


; r 
Tiel ne 

’ 

pryeeah Gall ne 

of-eee ey oF 


2 cade 


3.5-uDigression: the’ properties Ofwstationary, homogeneous, 
isotropic turbulence 


3.5.1 General properties 


Before continuing with a more detailed study of the 
solutions of the mean field dispersion relation, let us 
consider the significance of the function (3.45). For 


tsotropte turbulence, the correlation tensor is of the form 


Roe ee =) 6 (t,t) eae eS (ra t)) ao (3.48) 


(Batchelor, 1953, p. 45ff.), and we may define longitudinal 
Ona Gronsveread correlatLone uncLetonsamt (r,t) and \g({r;,T) 


such that 
Woy flr,t) = Ucpy(X,t) Urey (acer, t+t) = r°Flr,t) + Girt) (3.49) 


Ucey (Xt) Uy Caer, t+t) = Grr) (3.50) 


alt 


ten g (r,t) 


Up) and Yin) denote velocity components parallel and 


normal respectively to the vector separation rx (Batchelor, 


1958, p.' 46), .and 


Us, = Um = § uiGe,thui@t) = 4uW (3.51) 


The Fourier transforms of ae peste and &o} are 
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3S. oc) SlSOLTODIC LULU ence singan sincompressible fluid 


For incompressible flow, the spectrum tensor #6. 
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From (3.7), the energy spectrum function E(k,w) 


is given by 


2 2 
Bik w= ecenk ®, (kw) (3.59) 
Thus a by §$@e53)7 and (3.59), 
7 = a ST es Lf 
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The function (3.45) can therefore be represented as 
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A-hi(k,w) = 94 ara eaer F(R) (3.61) 
where 
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From the definition of the Fourier transform, 
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The oscillatory factor in the integrand of (3.64) may be 


expanded in a Taylor series about kr = 0 
2 
wtb _ sinker} — _1f4— Cer, .., 
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Substituting (6s65) "into sie: 64) «and waking the limit 
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320.4.) Gaussian 1sOLropic turbulence Anyang incompcesai ble 
seal welye| 
The expressions (3.64) and (3.66) may be used to 
evaluate WA ; 4, and A for any desired type of iso- 
tropic turbulence. Consider first the case when the 


fongitndinal correlation function 1s Gauestan, so that 
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ue and T, are the correlatton length and correlatton ttme 


of the turbulence. 
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longitudinal correlation function is Gaussian in space and 


exponential in time. 
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Tescorrelation functions (3.6/7) and (3.71) have 
been used fairly widely in the literature. (See, for 
example, B.H. Roberte, 97a; Krause land Radler, 1971.) 
The results obtained inj| (3468)-—(3—/0)} and (3.,72)-(3.74) 
ane summamizged in Table); 12m p.1 149, along with similar 
results for "exponential-Gaussian" and "exponential" 


isotropic turbulence. 
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3.6 Isotropic turbulence and decaying mean fields - 


inpeleaweconaL_eiones. 


3.6.1) ihetnatures ob the eigenvalue for oscillating mean 
fields 


We may now use (3.69) and (3.73) to determine the 
nature of the "eigenvalue" “Ne im “304 /)" for the cases 
of "Gaussian" and "Gaussian-exponential" turbulence. 


Comparing the two equations, we see that 


AK, = C. Wrst Ke - c.f ERY rk (nt /a2) 
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C+ {RrnY/g } (reK)? 


C- CRm) CrcK) (Cy K*%) (3.75) 


where we have made use of the definitions (2.68) and (2.69), 


and the identification 


we fe UGGS 


Ce is agconstant determined by the form of ~£(r;,7) 
It may be seen from Table 12 that: (3.75) is a 


general expression applying to any type of stationary, 


homogeneous, isotropic turbulence. Values of C are 
given in the table for "Gaussian", "Gaussian-exponential", 
"exponential-Gaussian", and "exponential" turbulence. 


The quantity dK in (3.75) can be interpreted as 


a ratio of length scales. The wavelength of the mean field 
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Similarity, ecie Guantcrty nk? t can be interpreted as a 
ratio of time scales. In the absence of turbulence, the 
mean field B will decay as See Aline , so that the mean 


field decay time is 


aii wey Tie (3.79) 


Therefore, 


2 = 
nK ile = T/0 (32:00) 


and the eigenvalue n/AK™ can be expressed as 
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3.6.2 Nonsoseablatory mean prelds*®- the dispersion relation 
and the effective magnetic diffusivity 


We may now examine the solutions of (3.39) more 
closely. Consider first the case in which Re 2 = 0. Then 


by 43115) 9143.44) 9913045) yeandyudss/75) sGhetmean,~field 


dispersion relation has the form 
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The parameter Im Q/nK- may be interpreted in terms of an 


effecttve magnettc diffustvity, Neff ° When no turbulence 


is present, the solution of (3.83) is 
2 
Wma = 4K (3.84) 


and the mean field decays as exp [-nK*t] - When there is 


turbulence present, the mean field decays more rapidly, with 


the exponential factor now being exp[-ImQ-t] . We may 


therefore define 
bm = necr K* (3.85) 
by analogy with (3.84), so that 
4m Yn k? ie ‘Leff /n (3.86) 


Equation (3.83) may be rewritten in the form 
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3.085) insensitivity of the effective diffusivity to 
initial conditions when AGK is small 


In order to establish a correspondence between 
(3.83) and the results obtained using the Radler expansion 
technique, we must investigate the limiting behaviour of 
(S..05)5 as AUK + 0 . Making a change of variable in the 


integral, 
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From (3.42) and Figures 1 and 2 we can see that the dominant 
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Expanding the integrand in (3.89) as a power series in AUK 


and integrating term by term, 
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Substituting (3490)! Into (3.38) and dropping terms of order 
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Equation (3.91) shows that when (AK)? is small 
the effective diffusivity is tndependent of the properttes 


of the mean field, and depends only on the properties of 


the turbulence. The equation can be shown to be identical 


to the result obtained by Krause and Radler (1971, equations 


7.25, 7.89QR ZeLobe), eisingsrmetial condition 294s. 34) 
Locnermciansineciale conditions umes jie Thesetrective 
diffusivity is therefore also tndependent of the tnittal 


conditions on B!' when Bue is small. 
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3.6.4 Comparison,of,results for ;small .AgK/ swith the 


results of Krause and Radler 


Applying (3.91) to turbulence of the Gaussian type 
(350 /)-(o.70)), “wesobtLain 
(Rin)? fo f Eo 40 Fv?) at 
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Gti, __at 
i veld? + OQEK*) (3.92) 
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making use of a number of standard integral formulae 
(GeedeuLleymlandanucHi kh, 190s, seguarions 3.1466. 15) 6.208.0, 
and 5.461.2). 

Similarly, for turbulence of the Gaussian-exponential 
type, (3A01)—-(3.74)., 
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(Grddenteyn and RyeZhtk, 1965, equations 3.264.2 and 3.461.2) 
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The final expressions in (3.92) and (3.93) have been 
written in a form closely similar to that used by Krause 
ana Radler (1971, pp. 67-70) to facilitate comparison. | In 
Frouve 3; 90 (noe -/n)-11/R, has been plotted as a function 
Of d cor AUK =O PaMaking usewOn to. 02). ance (3593)5.5 tne 
upper curve corresponds to (3.92) and the lower curve to 
ESSIEN be 

itesnould be noted) thati equation 7.54,1p. 69) 0 
Kpouse -and naglrer (1971) 1s an verror.—§ For Gaussian Curbu- 


lence, the expression should read 


ee. = (3.94) 
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Figure 3. 9{ Ingee/nI-1}/{RL}* as’a function of 9 q 
when A Sh = 0. 


Upper curve: Gaussian turbulence 


(see equatton 3.92) 


Lower curve: Gaussian-exponential turbulence 


(see equatton 3.93) 
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3.6.5 The effects of initial conditions and mean field 


nonuniformity when AcK is not small 


When oR is not small, the properties of the 
mean field B and the initial conditions on B' have 
Significant effects on the solutions of the dispersion 
relation (3.83). These effects are illustrated by the 
curves in Figures 4 and 5. 

In Figure 4 the magnetic Reynolds number Be is 
shown as a function of [(no¢¢/0) -1) for Gaussian turbu- 
lence, for several values of q and AUK Hole LS wnLeres= 
ting to note that the dispersion relation (3.83) has no 
solutions when [(noe¢/0) -11 is greater than a critical 
value which depends mainly on AK . The reason for this 
behaviour is immediately evident from equations (3.83) and 
UOT 4i2 anc sfrOm, Figures =i wands.) Re O(E,Vinggs/N) is 
negative for & < AG eat syerhuseif A0K J iswlarge 
enough for h(KE, nK*v) to be effectively zero at values of 
Se ¥(noe-/n)-1 , thevzighte hand eside of (3.33) will be 
negative, making a solution impossible. 

In Figure 5 the function Rm / § (neee/n) - 1} is plotted 
against A fh = A K/2m for various q when Nope/ = sae Uo Ne 
The upper curves correspond to the initial condition (3.38) 
(tntttal eondition If), and the turbulence considered is 
Gaussian. Gaussian-exponential turbulence will have quali- 
tatively the same behaviour, but the values of the inter- 


cepts at AK = 0 will have a different dependence on gq 
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This difference is clearly illustrated in Figure 3. 
The lower curves in Figure 5 correspond to the 
invtral condi tion=(3 034)» (int tial condttton f)>- which 


will be considered in the next section. 
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The plot shows values for Gaussian turbu- 
lence, determined from equation (3.87) with h(k,w) 
given by equation (3.70). 
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Figure 5. {R'}7/{ Inge g/n}-1} as a function of )_/L 


for several values of q _ when coll? He Fa 1 oe 


Neff 


The plot shows values for Gaussian turbulence, 
determined from equation (3.87) with h(k,w) 
given by equation (3.70). 


Solid curves: initial condition I 


Dashed curves: initial condition II 
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3. & lo Theemean lela “daspersion’ relation 


Let us now consider the solution of the dispersion 
relation (8.35) #*correspondinds to the initial condition 
(3.34) (inithate, condition IT) on B' - As noted above, 
this solution does not differ significantly from the 
solution, (3. Sls» Cerresponding, £0 initial condizten i, 
when (AK) * is small. From (3.35) we see that the choice 
of initial condition has removed the pole (3.41) which 
occurs on the integration contour in (3.40). The dispersion 
relation 1s best written, im the form (3.35") 
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It may be noted that the spatial Fourier transforms of the 
quantities Ri , £ , and g bear the same relationship 
to one another as do the full Fourier transforms (3.51)- 
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turbulence in an incompressible fluid 


For homogeneous, stationary, isotropic turbulence in 


an incompressible fluid, (3.35') reduces to 
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after some reduction. A similar dispersion relation was 


developed by Lerehe (1971a,b) and Lerche and Low (1971), 
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3.7.3 Time dependence of the mean field dispersion relation 


for different types of turbulence 


Taking the derivative of the right hand side of 


(3299)e wrth respect to time, we see -thac 
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For turbulence with a Gaussian time correlation, (3.67), 
Ene CONGECION £13 a0) sus Satis edacorga ll avalues.orwoim (3 
however, for turbulence with an exponential time correlation, 
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For turbulence with a power-law time correlation, (3.101) 
LS ylever Sabistied when Im {2 = constant >) 0) , and the 
dispersion relation (3.99) has no meaning. 

The time dependence of the dispersion relation 
(3.99) can be regarded as an indication of the way in which 


the turbulence works to "build" a fluctuating field B' of 
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the form required by the induction equation, at the expense 
of the mean field B. If the memory of the turbulence is 
"too long" - as in the case of a power-law correlation - the 
effect of the initial, inappropriate field Bt (x,t.) will 
persist, and make it impossible for the turbulence to 
maintain even a decaying mean field of the type (3.14). 
However, if the memory of the turbulence is "Short" - as 
with a Gaussian time correlation - the effects of the 
initial, inappropriate BB =ricld will die away rapidly 
enough for the dispersion relation (3.99) to stabilize. For 
Gaussian turbulence (3.67), this stabilization will take 
place fairly quickly - typically after a few correlation 
times. We shall therefore restrict attention in what 


follows to the case of Gaussian turbulence. 


3.7.4 Whe mean field dispersion relation for Gaussian 
isotropic turbulence - non-oscillatory mean fields 


For Gaussian turbulence (3.67), the time correlation 
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Bouatbaon (3.103) can be written in a number of alternative 
forms by making appropriate changes of variable. The most 


useful of these forms are: 
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PeeWa ue De nOLede Chats. l03) i ShbUdn) mane sti eq ami 
equattons for Q(t-t.) . When AK = 0 the integrands no 
longer depend on Q(t-t.) andowid wie Lima. (t-t)) + 00 
(3.104) reduces to the form (3.92) specified by the Radler 
expansion (3.96). When AUK ZO, son the other hand. 


Im Q/nK? satisfies the inequality 
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The two sides of the inequality (3.108') are plotted in 
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The plot shows values for Gaussian 


turbulence. 
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: PPS 4 
Middle curve: Lia = {Inog-/0] L}/J, 
(see right hand, stde of 6. 106), 


Uppermost curve: Rn determined from equa- 
ELON Geo wile Ky i) ee LVeIE Dy: 
equal loners s7:0)s. 


The two lower curves correspond to initial 
condition I, while the uppermost curve 


COPpresponds tor initie beconcmevon als. 


172 


ro) 
& o 
Sos as yom 
=|° & ~ 
res 
An Sie 
rN) = > 
€ oiun 
ac = oe 
ay 
rs 
ae CGevaas sets 
& Pee ‘e) 
yp 
_ & 
— 
rvs 
@ 
—s 
Tr 
| Oo 
WwW 
i] 
O oO 


100 
| 
1o7! 


Ser ir 


Loe €4ne@ = eiige® 


tows sae 
: re a TS é 7 
2. none 
— 
4 wy : ste hag 
wae a @t 
— fh OOSPF : 
‘0 wtisu) gavea by 
: ive > 
—_ 
| ie v= 


avd Oc 
i a Pee al | 


é 


LI3 


3.8 Isotropic turbulence and decaying, non-oscillatory 


mean,fields'- comparison’ of initial conditions, J and JI 


Soe ReLatLOnsiio betweensmean Lleldvdecay rate cand 
turbulent magnetic Reynolds number — effect of mean 


field. initial conditions 


From Frgure 6 it can be seen that the true value of 
Be is closely approximated by both sides of the inequality 
(QeLOcCw lp SUupDeLOn tal tly large: ValuessOt sie ratlo Nees 
(This ratio may be taken as a measure of the mean field 
decay rate, by virtue of [3.79] and [3.86].) Moreover, the 
BOLPUCTONS LOT eaene, twOMlnlclale cond! tions, © ange i7.ao Not 
differ greatly when (Nog¢/1) 71 is small, even for the 
comparatively large value of AUK considered [A /i = 033). 

The most striking difference between the lowest 
curve in Figure 6, which corresponds to the left hand side 
of (3.108") } Sandi thewother two curves, which correspond’ to 
CiesrLontenaniars luc OL a osLOUGm mand 8 tom oro), Ss ache 


occurrence of a maximum in the plot of Rn, against 
L 


(Noee/n)-1 - This behaviour is due to the nonlinear 
2 
dependence of Ji(q,i_K30) on 7 /n . When ck)” Nees 
2 Cc eff % n 
is small, J5 is tndependent of Noge/N - However, when 
2 
QckY eee 2S Laud ewnmeu: has a roughly exponential depen- 
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dence on Nog" , causing a rapid decrease in the value of 
Ry givenabypthnesletthhand «sidenote (35. 108s). 


It may be seen from (3.105) that points on the curve 
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beyond the maximum are of no interest. If we assume for 

the moment that Im Q(T) /nK? is defined as a function of 
PA=hE-t 8 by the right hand side of (3.105), and the 

problem is regarded as one of switching on a fully developed 
turbulent velocity field at time T = 0 and observing the 
subsequent behaviour of a mean field B present in the 
fluid at the initial instant, we see that the decay rate of 


the mean field at large T depends on the initial decay 


rate;y 
(ImQ), = Sr) Ch) | seen (e110) 
Expanding (3.107) as a power series in T about T=0, 
Gm OXTY a -4 = CRray" { eee Sate 2 (GT) 
hs 3 Gtc T=0 


we see that only two initial decay rates are possible: 


(dmQ), = Kk? (3.112a) 


(Im), 


co (Boob) 


The first of these values corresponds to a mean field 
decaying at the normal diffusive rate in a stationary con- 
ductor. The second, on the other hand, is completely unphy- 
Sical. Detailed numerical study shows that points to the 
right of the maximum on the lowermost curve in Figure 6 
correspond to the unphysical condition, so that these points 
may be disregarded. (See Appendtx 3, sectton A.3.1 for 


detatls of numerical techniques.) 
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Since the mean field initial conditions (3.112) 
apply to equation (3.104) as well as to the right hand side 
of (3.105), it is to be expected that a true plot of Rn 
against (Noe¢/n) -1 will also exhibit a maximum of the type 
shown in Figure 6. Further justification for this statement 
can be obtained by examining the derivatives of (3.104) and 
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(3.105) with respect to (Rv) From (3.105) we have 
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The right hand side of (3.113) can be made to go to infinity 
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(3.114) the ratio of derivatives in the integrand runs from 
HST tCOLN 1 has®eRrearspans™thes range’ Gt=integration, sovthat the 
integral will be finite for all (Rt)? and of the same 
general character as the integral in (3.113). The right 
hand side of (3.114) can therefore also be made to go to 
infinity by choosing (RI)? sufficiently large. As might 
be expected from the inequality (3.105), the maximum for 
(3.104) will occur at a larger value of Rn than the 
maximum of the curve plotted in Figure 6. 

When the unphysical solutions of (3.104) and (3.105) 
are neglected - i.e. when points to the right of the 
maximum in the plot of Rn against (no¢e/n)-1 are 
ignored - we have cut-off values of both Noge/N and Bat: 
beyond which no useful solutions occur. This behaviour may 
be contrasted with that of the uppermost curve in Figure 6, 
WHICHOCOEEFeESponds to z~uitial condition ff. In this curve 


there 1S ea CUL—OLL only an Noee/ 1 


320525) Range Gr Va oity OL sOlucions Obtained) using. the 
Radler expansion technique 


It is interesting to note that the relationship 
between (RI)? and (Nog¢/M)-1 in Figure 6 remains linear 
nearly all Che way Out tosthe cCuc-ofLf point. sThis indicates 
that the approximate solution (3.92), derived with the aid 


of the Radler expansion technique, is useful over a wide 
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range of parameters. From (3.104') we see that the first 
term in the expansion may be expected to provide a good 
approximation as long as the increasing exponential factor 
in the integrand is negligibly different from unity over 
the range in which the Gaussian factor abxene has a 
Significant amplitude. Imposing the condition that the 
increasing exponential differ from unity by less than 52, 
and assuming that the Gaussian factor is effectively zero 


Wiel) x) =125, Wwe Obtain a CONGLt1ONn LOM Valltaicy, o1 the 


first term in the Radler expansion: 


(qk. )| Gm She — Cir4ey'} = Oet0 fd 2-H HS <0.025 (3-115) 


When this condition is not satisfied, higher-order terms 
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(q>0) Ger mn & aye = te ImQ < 0.025 (3.115') 
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applicable even for values of q as low as 0.Ol. 
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time correlation falls off more slowly, the first term of 
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range of parameters. 


Jeo ee LNemMedieilelosdecay rateratelarge ;cimes 


The curves of Figure 5 illustrate a second major 
difference between solutions corresponding to intttal 
CONATELOCN ls ANO@ENOSeCBCOLLeGSPONCGCING —LO 277Tttal COnGTT1TON al. 
It is apparent that for large values of AUK Pete eUae 
econdttton I leads to a more rapid decay rate of the mean 
Reela aQualorde times than, does tntttal condition Pf. Thus 


behaviour is illustrated schematically in Figure 7. Curve 


a" corresponds to a mean field decaying in the absence of 


eULbULenCe.. sCUlLVel ub: acorresponds#togchescase inewhich. a 
and 9B dare switched on together at time y= te ina 


correlated manner. Curve "c" corresponds to the case in 


which u' 


USseswitched On satetne initial instant ands 9B 
is allowed to develop. 
It is clear from the slope discontinuity in Figure 7 


Ehatecneeinitia le Condire1on for Curve: iO "(i Clete TaL 


econdttion II) is somewhat unphysical. However, the 


behaviour of curve "c" (tntttal eondition I) is also open 
to question. The reason for the difference between the 
slopes of the two curves at large times can be seen froma 
comparison of equations (3.35) and (3.39), rewritten in the 


form 
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The right hand side of (3.116a) represents the limiting 
value of the time-dependent term in (3.35) as (ea c) + © 
Clearly, the form of the spectrum tensor R. (Kk5y) 
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integration, and the equation becomes 
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when(3.4118b) is true and. the first _term-in-the-Radler 
expansion is a valid approximation. 

On general grounds, we expect there to be less 
energy in the turbulence at small values of k than is 
implied by the use of the spectrum tensor (3.7), which is 
USOULODICHATMAK =e ee Neg rignt nandesicdesofe (Sall6a) iis 
therefore likely to be smaller than the value obtained 
using —(3.7) = for example, the xight hand side of (3.7117) 
is probably an overestimate. It therefore appears that the 
slope of curve "c" (Figure 7) at large times may well be 
inaccurate when it differs markedly from the slope of 


Curve™.b.. 


3.8.4 Stabilization of the mean field decay rate, and 
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The initial, time-dependent portion of curve "c 
in Figure 7 is undoubtedly more realistic than the abrupt 
slope discontinuity shown in curve "b". It is only 
sensible to discuss the stabilized dispersion relation if 
the energy lost from the mean field during the time- 
dependent part of the decay is small. If T) is defined 
to be the time after which the mean field decay rate has 
reached its stabiltzed value, and T. is the time it takes 
the mean field amplitude to decay to 1/e of its value at 


time t = t_ , we may write 
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We may study the restriction imposed by the 
condition T) T. for the case of Gaussian turbulence in 
an incompressible fluid by examining the behaviour of 
solutions of (3.104). Results obtained in this way should 
be qualitatively valid despite the reservations mentioned 
above concerning the behaviour of solutions of this 
equation at large times. In order to simplify the dis- 
cussion, we shall replace (3.104) with the right hand side 
of the inequality (3.105), since, as noted above, the 
results obtained using these two equations are not substan- 


tially different over most of the allowed range of 
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number for which e™ is faruriy small (say N= 2). The 


requirement T, < T.5 is satisfied if X) < X5 - where, by 
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T) > T. and the mean field decay rate is effectively time- 
dependent throughout the decay. In plotting these curves 
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is small, it is only appropriate to discuss the decay of 
the mean field in terms of the stabilized decay rate if 
AK Lstalsoesmall. | in the Limit as, 9g > © , the solution 
of (3.132) gives 

Wan <3 Werle = 20 (3.136) 
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Solutions of (3.132) are shown in Figure 9, where 
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less than T, o)  AtCelOWs Values Of —¢q 5, stabilization, must 
take place more rapidly, as indicated in Figure 9. 
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restricted to values less than unity. A situation in which 
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Clearly have little physical significance. 
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is'listed in Appendtg# 3, section A.3.2. 
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32 9thtsotropiceturbulencesand decaying mean fields which 


oscillate with time - initial condition J 


3.9.1 Inappropriateness of the Radler expansion technique 


We shall now turn our attention to the case in 
which the decaying mean field oscillates with time - i.e. 
Re 2 #4 0. It is not immediately obvious that either 
(3.35) or (3.39) has solutions of this type. The Radler 
expansion (3.96), which corresponds to (3.35) is of no 
use in studying the problem, as may be seen by taking the 
first few terms of the expansion and separating the real 


and imaginary parts. 
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3. Geel &.Genenal) statement’ot ther problem 


Consider first equation (3.35), associated with 
4nittal condition IT on B' . For the reasons set out 
above in section 3.7.3, we shall restrict ourselves to the 
Case Of Gaussian turbulence (3.6/7), form which (3.35) 
reduces to (3.103). Separating the real and imaginary 


parts of (3.103) 
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Once again, it must be stressed that (3.142a,b) are 


inbegraLeecguattonesetitTo a first approximation, they may be 


replaced by 


Gm {QATYnK?} - 1 = Rin)? Jar (q,AcK 5 We) (3.143a) 
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and solutions may be sought in the limit as T+o. As 


discussed above in section 3.8.4, the parameters of the 
turbulence must be chosen in such a way that tT << T. ane 
the solutions of (3.143a,b) are to have any physical 
Significance. 

Dr. K.D. Aldridge and the present author have deve- 


loped a numerical program which evaluates the integrals 
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Jor and Jaz by a Stmpson's Rule technique, and calculates 


the dispersion function 
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to exist. When this condition is satisfied, the eigenvalue 
for the problem may be calculated from 
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solutions 


In order for the problem to have meaningful 
solutions, the parameters of the turbulence must satisfy 


a number of conditions, which are summarized here for 


convenience. 
Acfr  < 1 ‘ Te/+r < 1 (Qela7a by 
tenk? = Ocky/¢ < 4 (3.148) 


{Rm/a} < {Rm /g yn 6G ML) (3.149a) 
P</L} < {r/i dre (¢, Rmm/e) (3.149b) 
Re 1+4 (3.150) 


In (3.147), L and T are the wavelength and period of 
the mean field B. (3.148) and (3.149) are the conditions 
derived vin section 3.835 for Ty T. yoand the sfunctions 
Leterred to .iny (3.149) are plotted in Figure co. (3.150) 

is the condition derived in section’ 2.5.4 tor the first 


order smoothing approximation to be consistent. 


First order smoothing also implies that 
Gm QA/nk? > 4 (3.151) 


when the turbulence is PT-invariant, as proved in section 
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to derive further restrictions on the parameters of the 


mean field. 
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The effective range of the arguments of the sine and cosine 


terms in (3.144a,b) is limited by 
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where (T 7a) is the function plotted in Figure 9. 
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3.9.4 Numerical search procedure 


A numerical search has failed to reveal any long- 
period oscillatory solutions of (3.143a,b) which satisfy 
(3.147) and (3.148). Asymptotic evaluation of the 


integrals J arid «d, indicates that oscillatory 


2R ZA 
solutions do exist when (AK)? >> ns feerbutothe borogran 
used was unable to check the existence of solutions in this 
range because of ie extremely large values attained by the 
exponential factors in the integrands in (3.143). 


The procedure used in the numerical search was 


briefly as follows. 


Qyaeetrtala values, of 1m Q/nK* and Re yak were 


chosen. 
b) A value of q was assumed. 


c) The integrals Jor and Jor , and the dispersion 
function D were calculated for a range of values of 


AK SAO Lym ola avin Selo o ternal cd a 


d) The calculated values of D were checked for changes 


Or sign or trends toward zero. 
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f) The process was repeated for new values of q _, and 


for new trial values of Im a/nk* and Re Ayko 


‘ chosen were kept 


As the trial values of Re 2/nkK 
fairly small (in general, much less than unity), the entire 
range of Re Q/nK? permitted by (3.152) was not explored 
at large values of q. It is therefore possible that 
acceptable oscillatory solutions to (3.143) do exist when 
both fq sand om Re Q/nK? are large. The assumption of small 
Re Q/nK? , Which implies that the period sought is long 
compared with the mean field decay time, was made in order 
to restrict consideration to small departures from the case 
Rew —anOer. 

See Appendtx 3, sectton A.%.35 for details of the 
numerical techniques used in evaluating the integrals 
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3.9.5 Thesimposstbility vot islowly-decaying; long-period, 
oscillatory mean fields 
It may be demonstrated directly that (3.143) has no 


oscillatory solutions when 


O.k)* 
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The equations (3.143) may be rewritten in the form 
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The integrand in (3.155) may be expanded as a Taylor series 


in yI about yI = 0, and integrated term by term to give 


ie = Be as anc Sie) (3.158) 
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The series in (3.158) converges absolutely for all values 


of yI by d'Alembert's ratio test (Whittaker and Watson, 


Loar De 22). 


202 


mrot ofd ni apdstiwos ed ysm. “entse) 


(22.6) a aaa tts yee 


eof a ter ; 
Wy 

ar. Aa be ft- mb } = { iho . 
(a21.¢) fis rr ry : a 
(veLe8) gored) me f a 


asizes tolysT 6 26 bebnsaxe ed YBi (aal. €) me pnesoesal ads i 
avip oF mxo2 ieaaal betstpedni bas , 0 = ‘Ty Suede: “Sata : 


=, 
(dere) "Criv) a 7h 3 ae Wh 


- 7 wr 7 
, 
ie 7 
, 


(e2t.€) Boney a e] aa: ae 
pes +1) — et 

geutav Lis 102 ylotuloads aspzevnoo (8¢1.€) ak oe Av 
Koso bits «stint kdW) teed ofdsx 0‘ sxadmet Ab od “s to 


7 we -_ . ; ive 


203 


Equation (3.158) will clearly have no complex 
solutions for [ as long as |yI| is small enough for the 
quadratic term on the right hand side to be ignored. This 


condition may be written 


Latt| dt<< 2a,/a. (32 h6i) 


When q is large, (3.161) may be replaced by 

(q > &) i eet 2/1 (3.16150) 
and when q is small, (3.161) becomes approximately 

(ai> 20) Py lee ya) (ie vitor) 


It would appear, therefore, that complex solutions will be 


found most readily when q is large. In this limit, 
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When the quadratic term in (3.158) is retained, the 
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oxnprtaking+sthe?s limit of large q , 
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(3.163') may be compared with the condition (3.138), which 


must be satisfied if Ty is to be less than T 


She 
Chek) Rea IF Ore 
Se Ph 3.138! 
(4,-> 00) { $ 4 ( ) 


Clearly, the two conditions are incompatible, indicating 
that no acceptable oscillatory solutions to (3.143) are to 
be found when |yI| is small enough for the cubic term in 
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Xt follows that |yI| << 2 only if the period of the mean 
field 


T= 277 Re*s 


and the effective decay time 


Ta = 1/Im Q 


satisfy the conditions 
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We may therefore state that (3.143) has no acceptable 
oscillatory solutions for which both the period and the 
effective decay time of the mean field are long compared 


With the correlation time of the turbulence. 
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This condition confirms the numerical result that the only 
range in which solutions may possibly lie is that for which 


both q and Re O/nK* are relatively "large". 
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3.10 Isotropic turbulence and decaying mean fields which 


osGbLlateawhth abime, + ~finitial,.condition.hI. 


3.10.1 General statement of the problem, <anderestrvetions 


on the turbulence for meaningful solutions 


We shall now consider equation (3.39), associated 
with intttal condttton II on B' . For Gaussian turbulence, 


(3.67), equation (3.39) reduces to 
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In order for the problem to have meaningful 
solutions, the parameters of the turbulence and the mean 
field must satisfy a number of conditions, as was the case 
for solutions corresponding to tnittal condttton I (see 
SECs Ole os vs ose Ne COnULLIONS. (3-147), 113.150), (3.152), 
and the right hand side of (3.152) apply to solutions of 
(3.165), as they did to solutions of (3.143). However, 
because of the assumption that oe and B' are correlated 
initially, solutions to (3.165) need not necessarily 
satisfy the conditions (3.148) and (3.149). 

Dr. K.D. Aldridge and the present author have 
developed a numerical program which evaluates the two- 
dimensional integrals in (3.165) by means of an n-point 


Gausstan scheme, and calculates the dispersion function 
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3.10.2 .Numerical.search procedure 


Because of the less stringent conditions on the 
parameters of the turbulence for intttal condttton II, 
numerical solutions to (3.165) can be obtained relatively 
easily. The numerical search procedure used is outlined 


below. 


a) ee trialeval ues ore 7im Oakes and Re Wie were 


chosen. 
bj ee AevValuc (of (AK) */q was assumed. 


Cee ihie= integrals ine (os 65) rand che arspersi0n, Lunction 
D were calculated for a range of values of ALK 


satisfying the condition (3.147a). 


dad) The calculated values of D were examined for 
changes of sign, and further values of AUK were used 


if necessary to locate a sign change. 


e) An iterative interpolation technique was used to 
determine the values of AUK and Rn corresponding 
EOecNessOLUGTON point. 

2 


f) The process was repeated for new values of (AK) /q 


and for new trial values of Im anes and Re Q/nK? , 


Solutions were obtained for both large and small values of 


the parameter |I| , defined in (3.156). 
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The numerical integration was carried out with a 
fair degree of precision. Typical examples of the functions 
integrated are shown in Figures 10-14. The surfaces 
plotted correspond to Im Q/nK? =212025iVand Re a/nK? = 
0.001 for several different values of (AK) */4 marked 
by dots on the appropriate solution curve in Figure 16. 
The Pinet@ensbinvolvingMake O@(Fzgorssradvaly GhayPi2zay isa, 


and 14a) were integrated in three sections: 
a) 5b <ylim o/nkK2)-L , f£0r which Re © <0 


* * 
bye oy (ime nk2) =) <a ee yp ewhere Fe was chosen in 
such a way that the integration spanned the first peak 
in the integrand, but stopped short of the second peak 


(if one existed) 
* . 
Cc) 6.27565, spabningsthevsecondgpeak. 


On the other hand, the functions involving Im 0 (Figures 
100, 11D,) 1ep, 16d, and 14b) were integrated in a straight— 
forward manner, since these functions have only a single 
peak. In each integration, limiting values of € andy , 
if not already specified by "Section" boundaries, were 
chosen by requiring the absolute value of the integrand to 
fall below a specified fraction of the value at or near the 
peak. 

The integration scheme has been tested for conver- 
gence with respect to both the choice of the specified 


fraction defining the integration limits, and the number 
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of Gaussian points used. Typical results of the second 
test are shown in Figure 15. In view of these results, 
most of the integrations were carried out with an 8x8 grid 
for each of the three integrations involving Re 9 , and 
aelexizg=sor L6xXl6 gqridwtor the sangle integration involving 
Im0O. A further check on the accuracy of the integration 
was provided by preliminary calculations in which the €& 
and v integrations were carried out using a 10-potnt 
Laguerre and a 10-point Hermite polynomtal technique, 
respectively (see, for example, Abramowitz and Stegun, 
HG, Seov.es,so ana 82o.¢.¢6). The results of the Hermite- 
Laguerre integration were in good agreement with those 
obtained later using the Gaussian scheme (see, for example, 
HpramoutLsa and Stegun, 10645) 825.2.50)) . 

Details of the program used for the Gaussian 


integration scheme are given in Appendia 4. 
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Figures 10-14. Integrands of 


for several values of 


(3.165a) and (3.165b) 


In each figure, plot (a) shows 


A Sh and t/t 


Re Of ¥,0; Im Yn x2} ee Lack Ey + (Hk? te Cy4 Re %yKr) |} 


while plot (b) shows 
sit AcK E+ (HK*t (V+ Ke Yn x2} 


Im @Q{¥,v; $mO2fn x? } e 


These quantities are plotted as functions of 


S, Glglel AN) aehe® Gaalodaye! 


values of 
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Figure l0a. Integrand of (3.165a) 


(ImQ)/Ng 1.025 
(ReQ)/Ng -0.00! 
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Figure 10b. Integrand of (3165b) 


(ImQ)/Qg 1.025 
(ReQ)/Qg —0.00! 
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Figure lla. 


Integrand of (3.165a) 


(ImQ)/Ng 1.025 
(Re )/Ng —0.00! 
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Figure lib. Integrand of (3.165b) 


(ImQ)/Qg 1.025 
(Re Q)/Ng -0.00! 
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Figure l2a. Integrand of (3.165a) 


(ImQ)/Ng 1.025 
(Re Q)/Ng -O.00! 
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Figure 12b. Integrand of (3.165b) 
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Figure 14a. Integrand of (3.165a) 


(ImQ)/Ng 1.025 
(ReQ)/Ng -0.00! 
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Figure 14b. Integrand of (3.165b) 


(ImQ)/Ag 1.025 
(ReQ)/Ng -0.00! 
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Figure: 15. Typical convergence of the n-point 
Gaussian scheme used to evaluate the 


inteqrals, am (3.165). 


The plot shows percentage difference 
from the limiting value as a function of the 
number of integration points used. The upper 
scale shows number of potnts; the lower scale 


shows grtd size. 
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3.10.3 Behaviour of solutions as functions of A</L, 


Tey TT) Pand=*Rhi 


Typical results of the calculations are shown in 
Figures 16-19. The solutions to (3.165) may be thought of 


eSecepalt OL funce Ons 


Z 


Ze 3 ' 
im 2/nK) = “Im 2/nk [A /L, eget, Rnd 


2 


ey. ; 
Re 2/nK Re 2/nK [A /L, Tete Ri! 


The equations 


I 
‘@) 


Im Q/nK? = constant 


H] 
Q 


Re Q/nK? = constant 


then define a curve representing the intersection of two 
surfaces in the space [A /L, T/T, Rnd . Ftgures 16-18 
show projections of this curve onto the three coordinate 
planes [A /L, T/T] F [t/T, Ri! panic [A /L, Ri! poh ays! 
fixed value of Cy and several different values of Cy 
corresponding to roughly equal logarithmic spacing of the 
paises OL Lm ynkeien PMONeMOGC ESOL eUNesOLOLS, d/h and 
LaAa are restricted to values less than unity, in accor- 
dance with the conditions (3.147a,b). 

The projection onto the 1} /L, ti7 2 plane, shown 
in, Figure J6, indicates that, ,the valuejof A /L corres- 
ponding to an oscillatory solution of (3.165) is more or 


less independent of tT /T when t /T is small (i.e. when 
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[ (AK) */q] Re (Q/nK*) “MG tharge, > 129°). 7 As Im(2/nK*) 
increases, solutions are found at progressively lower values 
GE A o/h - On the other hand, Figure 17, which shows the 
projection onto the [t/T, Ri plane, indicates that as 
Im(2/nK*) increases, so must RT ghaltaddai tion anion each 
value of Re (2/nK*) P Rn reaches a mtntmum at Bars es 3 
when (Im ey Veen = Re (2/nK*) s geThesvaluc of Re at this 
minimum decreases with Re (Q/nK~) , aS May be seen from 
HOIsy Gt LO 
Figure 17 also indicates that at a given value of 
Re (2/nK*) pono, solutions, «to.4.03 4165). exist when 
Rto< (RY) [t /T: Re (2/nK*) J 
m ynele te 
(5.68) 
ort, /T <_ (t,/T) ,IRYz Re (/nK~)] 


where the functions Be and ey are defined by 
the lower envelope of the plotted curves when T/T <a) esses 
and by the mtntmum tn RT when AN 2 LU soe se ASG Nts. be 
expected from the way in which A /E and mt are inter- 
related, (3.168) is equivalent to the statement that there 
exist no sollrrons tO7(3.L65) ata given value of 
Re (0/nK*) when 
Rt o<  (R')_[A_/L; Re(/nK*) J 
™m nec =o 
(32-169) 
or A fh < (A/D) TRF Re (2/nK*) J 


where (R,) and (Wel), are defined by the dotted 
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eut-off curve in Figure 18. 

Figure 18, which shows the projection of the 
solution curves onto the [\ /L, Ri! plane, gives a clear 
illustration of the existence of a mintmum in Ro £6r3a 
given value of Re (2/nK*) . For the value chosen in the 
jopiieice [Re (2/nK*) =©0+007 | “Othetminimumein Re occurs at 
h /L =~ 0.25 . The same result is obtained at different 
values of Re (2/nK*) , over a fairly wide range, as may be 
seen from Figure 19. 

As Re (/nK*) is varied, the cut-off curve in 
Figure 18 retains its general shape, and the minimum stays 
at the same value of A fh fee rn addition ;ALne+eurvesygor 
constant Im (2/nK*) dotnot*altér greatly. S°The cut-off 
merely moves down. in Rs with decreasing Re (2/nK*) F 
allowing the curves of constant Im(2/nK*) to extend 
further toward the left of the diagram. 

Figure 19 is a plot of curves of constant Rn and 
curves of constant A fb as+ftinctionstot “tim Q/nK)-1 and 
Re (Q/nK*) at a fixed value of (AK) */q - The only curve 
of constant Aft shown is the one which passes through 
the points corresponding to the minimum Rn for each value 
of Re (2/nK*) - Other curves of constant ASL run 
roughly parallel to the one shown, with Aft increasing 
toward lower values of (Im AynKey-2 

Figure 20 is a plot of curves of constant Re (Q/nK*) 
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and Rn at the same fixed value of (AK) “/q as in 
Figure 19 [(A,K) */q = 30) = Only two curves of constant 
ASL are shown - those for A /L = 0 and A 7h = ee 
Because of condition (3.147a), all acceptable solutions 
will lie between these two curves. 

It is interesting to compare Figure 20 with Figure 4. 
Clearly, when A /L = 0 and Re (2/nK*) = Us, tne .Lrelation= 
ship between Rn and (Im wane atl is the same on both 
plots — at least for Rn greater than the minimum shown on 
Figure 20. However, at larger values of A ft yy BLgure a2 0 
gives only a single pair of values [Ri (Im OFA £60 
each value of A /L peanaCOntrast. to che 2ufiitre range OF 
values shown in Figure 4. Figure 20 thus shows how the 
solutions of the eigenvalue problem for oscillatory mean 
fields form a discrete subset of the solutions for non- 
oscillatory mean fields in the limit Re 2+ 0, as 
suggested in section 3.4.3. 

Frgure 20 clearly illustrates the existence of a 
minimum in Rn as Im(2/nk-) is varied and Rela/nk-) is 
Neldeconstant. §~ lt 1s apparent that the value or Rn at the 
minimum increases monotonically with RetQ/ nk) ee COM 
Figure 17 it may also be seen that the minimum value of Rn 
increases monotonically as (AK) */q decreases. The slope 
of the envelope curve in Figure 17 shows that, for 
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Figure 16. Solutions Of (3.165) — projection 
onto the [A /L, T/T] plane. 


Each curve shown is the projection 
onto the [A /L, T/T] plane of a curve in 
[A /L, t/T, Ri space defined by the inter- 


section of the two stirfaces 
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Im a/nK* constant 


I 
Q 


Re Q/nK? = constant 


Curves are plotted for several different 
values of Cy) ata ats value of Cc. : 
In the diagram, Q4 = Ts 

The dots on the fourth curve 
[C, = 1.025] indicate the values of h/t 
and t/t used in plotting the surfaces 


shown in Figures 10-14. 


Projections onto the two remaining 
coordinate planes are shown in Figures 17 
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Fig@resl) = Solutions: Of (351605) = projection 
' 
onto the [T/T Ry! plane. 


Each curve shown is the projection 
onto the eal Rn! plane of a curve in 
[\ /Ly t /T, RL! space defined by the inter- 


section of the two surfaces 
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Im G nko constant 


II 
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Re Q/nK? 


II 


constant 


Curves are plotted for several different 


values of Cy at a fixed value of C 
In the diagram, Qs = nko 


ie 


Projections onto the two remaining 
coordinate planes are shown in Figures 16 
and 18. 
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Figure 18. Solutions of (3.165) - projection 
onto the [A /L, Ri! plane. 


Each curve shown is the projection 
onto the [A /L, RW plane of a curve in 
[\ /L, Tey iy Ri! space defined by the inter- 


section of the two surfaces 
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Im 2/nK constant 


Re Q/nK? 


II 
Q 


constant 


Curves are plotted for several different 
values of Cy atwea pr Ked vail ler of C., 
In the diagram, Q5 = nk? 

Projections onto the two remaining 
coordinate planes are shown in Ftgures 16 


and 17. 
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Figure 19. Solutions of #(3.165) — projection 
onto the [Re One (Im yet plane. 


Each of the solid curves is the projec- 
tion onto the [Re Oa, (Im Veo ea plane of 


the intersection of two surfaces 


R' Constant. —— Cc. 
m al 


a Ae = Oi 
T nk = constant = Coy 


Curves are plotted for several different va- 


huiestiole Gimracealwiuxed) Valuesotn. Cc. In the 


1 , 208 
diagram, Q5 = nk 


The dotted curve is the projection onto 
the same plane of the intersection of the two 


surfaces 
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C; is chosen in such a way that the curve 
passes through the points corresponding to the 
mintmum value of Rh at each value of 

Re VAN Sa . Curves for other values of C3 
run roughly parallel to the dotted curve, with 
C3 increasing toward lower values of 
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Figure 20. Solutions: of (32165) =" projection 
onto the [Rvs (Im Anko jon plane. 


Each of the solid curves is the projec- 
tion onto the [Roe (Im O/nK*)-1) plane of the 
intersection of two surfaces 


Re Q/nK* = constant 


Co 


2 ay 
TQ nk = constant = Co 


Curves are plotted for several different 

values of Cy at the value of C5 used in 
Figure oo. (ace). Ce = 30). In the, diagram, 

(n/n ee) has been written in place of Im Q/nK? 


(See (S201 ones. 0. 2a NeQUAdTTON occG) . 


The dotted curves are the projections 


onto the same plane of the intersection of the 


surfaces 
ime Or an 
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Although tntttal conditton II does not lead to a 
TEStriccion Like (3.148) “on (AK) 7/4 puto ws Cl interest 
to see whether such a condition can be satisfied. From 


Frgures 16 and 17 we see that 


ep a g, [Im(2/nK*) , Re (/nK~) 1/1 nK* (ye) 
AK > 85 [Im(2/nk*), Re (9/nK*) 1 (3.172) 
2 2 
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This limit will give the smallest possible value of Ri/a 
for given values of THC EK and Re (0/nK~) : 

Ftgure 21 shows how Ri/4 and h/L depend on 
Tmo /Ake) and Re (2/nK*) when nt Ts smald. Hor 
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In general, there is very little dependence on Re (2/nK*) 
It may be seen from Figure 21 that the condition 
(3. L450 )icaneiln Lact, be isatistiede by ssolutionssto (3.165) 
Whi chad esSOssattcuy. (os. 14/), sanda(3. U0). 6 tn other. words, 
there, exist solutions to: (3.165)eiom wien 
a) the wavelength is long compared with the correlation 
length of the turbulence [A /L <u 


b) the decay time is long compared with the correlation 
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time of the turbulence [t /Tg <<7 1 —aclee Gis nt Xk <a 


c) the first order smoothing approximation is valid 


ine <a iemyetLOl me de large | 


dad) the period is long compared with the correlation 
time of the turbulence Neg as <<) thse condita on 
holds since the solutions depend very little on 


Re (Q/nK*) J 


The range in which solutions of this type can occur is 
very limited, as may be seen from Figure 21. Clearly, for 
the conditions (a)-(d) all to be satisfied, we must have 
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3.11 The ‘kinematic dynamo problem 


3.11.1 The two-dimensional integral technique and 


turbulence without PT-invariance 


For the case of decaying mean fields, it has been 
found that the two-dimensional integration scheme used in 
treating intttal condttton II is generally easier to handle 
than the one-dimensional scheme used in dealing with 
CULULaL COndLeron @ .) Although, the principal difiiculty 
encountered with the one-dimensional integration will not 
arise in the case of growing mean fields, it may well be 
that the two-dimensional technique is better suited to a 
General studvsor dynamo vaction In turbulent fiuids: 

The irregular behaviour exhibited by the function 
Re @ when the mean field is rapidly decaying [Im(2/nK*) > i] 
is not present when the mean field is growtng or slowly 
decaying Ramya < 1] , as may be seen from Figure 1. 

It remains to be shown that the evaluation of the integral 
ee defined in (2.89) can be carried out easily by the two- 
dimensional integration technique when helicity is present. 

The simplest possible case of turbulence which is 
not PT-invariant is described by the spectrum tensor 
(HAUVCHe Cie lO OOnN pa tose MOL Att alor UG) 
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It follows, therefore, that the integrals to be evaluated 
are of precisely the same form as those already treated in 


the case of PT-invariant turbulence. 


See Deemed tele eausperslOnerelatton 
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1K*S:j-Ki kj} ReL@ dm IM (3.183) 


Substituting (3.183) into (2.91), we see that the 


dispersion relation for the mean field is 


det Caa + bb) = (2) (3.184) 
where 
Ci Fiog dm {€ije Ke I) + 5; LQ-ink* - iI} (3.185a) 
bis = RefecekeI™ + 5:00 -iqk?- ir] | (3.185b) 


When (3.185) is substituted into (3.184) and the determinant 
is expanded, the dispersion relation is found to have three 


roots, specified by 


iN + nk? “5 90)) = ve) (3.186a) 
iN+nk? +I = F KI (smseeee) 


As pointed out by Moffatt (1970a), these roots correspond 
EO Mormal decay (8.186a), enhanced decay (6.186)), and 
Pevarded decay (or growth) (s.i186c). (3.1386c) 7s the equa= 
tion which leads to growing wave solutions, and hence to 


dynamo action, corresponds to the lower sign in (3.186b,c). 
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Jab. seurheroossi bubpiy ton a “sporadic helicity" dynamo 


Consideration of the growing wave solutions of 
(3.186c) leads to a situation in which decaying wave 
solutions corresponding to tntttal condttton II may be 
important. A nonstationary kinematic dynamo of the 
sporadte type discussed in section 1.4.6 can be constructed 
by allowing the helicity of the turbulence to vary with 
time. The helicity is initially "turned on" for a period 
long enough to allow the effects of initial conditions to 
die away. The growing wave solutions to (3.186c) can then 


7 (2) 


be followed as F(k,w) , and hence ; ws "allowed *to 


We) 


vary Slowly with time. When goes to zero, equation 
(3.186c) reduces to equation (3.39), corresponding to 
tntttal econdttton IIT. The mean field will then decay in 


the manner described above in section 3.10, until such. time 


as the helicity is "turned on" again. 
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3.12 Summary vof Chapters3 


This chapter is concerned with the effects of 
PT-invariant turbulence on large scale magnetic fields. 
Much of the work described was carried out jointly by the 
present author and Dr. K.D. Aldridge (Gilliland and 
Aldridge, 1973). 

In secrionreoes tit wis provedt that stationary, shomo= 
geneous turbulence whose average properties are invariant 
under space-time inversion (PT-invartiant turbulence) cannot 
Support dynamo action in an incompressible fluid, in the 
ftrst order smoothing approxtmatton (see sectton 2.5.4 for 
asdefinition soli first orderftsmoothing). This result 1s ja 
generalization of a theorem due to Krause and Roberts 
(1973). ImLtedireetiy contradicts the work of Lerche and Low 
CHIZT 

Seettons 3.8-8.10 present a detailed study of the 
decay of wave mean fields in the presence of PT-invariant 


turbulence. Two initial conditions are studied: 


I: the initial turbulent component of the magnetic 
field is not correlated with the turbulent velocity 
=51.e3 us (x,t) By (x! ,t,) = »0. sforeallechoicessor 


(x,x',t) “ (A less restrtettve condttton which leads 


~ 


tocthevAsamenresulteretdescreped in) sections ou secey 


II: the initial turbulent component of the magnetic 


field is correlated with the turbulent velocity in 
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such a way that curl[ u'x B' 1 (x,t) « B(x,t)) for 


all choices of xat CSiee SS Set torts 26 26s) 


In the first order smoothing approximation, spatially 
periodic mean magnetic fields can exist in an infinite tur- 
bulent medium only if the two-point, two-time correlation 
tensor of the turbulence falls off at least exponentially 
with time displacement Tt. If the correlation tensor has 
an exponential dependence on tT , spatially periodic mean 
fields\can exrst Sonly ert fthe "correlation time of the turbu- 
lence, ee isshorter than the ey fective decay time of the 
meanetiela, ieee = ee Kale Negf is the turbulent 
magnette dtffustvity, and K the wave number of the mean 
Meaqnetic 11eld. = (See. 6eCtton oc. 

In secttome—6.6-5. 10, tsorropice, Gausevan turbulence 
is studied as an example of turbulence in which the correla- 
Clone censor walls cfl more rapidly with 7) than 


exp[-|t|/t,] . Several restrictions on the parameters of 


the mean field and the turbulence arise. 


a) When tnittal condttion I applies, spatially periodic 
mean fields can exist only if te is shorter than 
Cui es ; 
BTS , where 8B = B(t /T gi A /¥) : Ta is the natural 
decay time of the mean field in the absence of turbu- 
lence, ye the correlation length of the turbulence, 


and L the wavelength of the mean field. 


Furthermore, spatially periodic mean fields can 
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exist only if the magnetite Reynolds number of the 
turbulence, Rh peLs LesSsSvtnan alcritical value, 
' e 
(oat a anabas A /U] - It can be shown that both 
J 
8 and (R.) 


crit depend only weakly on hofk : 


[See "eectton 6.8.4 for thedwonk descrtbed “here: | 


bye When Zitveal coud7 tion 17 applies, spatially 
periodic mean fields can exist only if ig < sige ; 
where §' = B' [A /0] —  Therewsrs no restriction on 


Rn 7 boee, Geeruon. 6.6 vou 


GC) **The"éy;jeervive magnetic diffusivity, Nore ¢ normally 


depends on the parameters of the turbulence We Ay 


c 
Rule the relationship between the turbulence and the 
mean field [t /T a0 ASU, and the-inrtial conditions 
[I, II]. However, both the dependence on the 
properties of the mean field and the dependence on 


initial conditions are weak, and disappear entirely 


in certain circumstances. 


d) Nofe is independent of initial conditions if 
LeAc buen 628 a3] 


: eff 
abe De << Tg 


and ii. the diffusion time on the length scale of the 
turbulence, (02/n) << the effective diffusion time 


on the length scale of the mean field, (L?/ nee) 


e) When tintttal condttion I applies, Note is 
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independent of the properties of the mean field if 
bee@ebnanwiane $2] 


eff 


Z 
ins 0.025 Ta F [A o/n sO. OL ice 


eff eff 
cee 0.025 [T3T3 I/IT oT oe 


[AS/n SOO ted 
£) When <uzitatl condition I applies, Nott changes 
with time, stabtltizing at a limiting value ial 
after a time Ty ‘ ies can be used to describe 

the decay of the mean field provided that Ty =< Tone 
[ee2 Seection 6.6.4 .,0r a more precise statement of this 
condition] . 

The condition on Ty can be translated into a 
condition on the parameters of the turbulence and the 
nean field) [see section 3.8.5 and Ptgure 8]. In 
general, Ty must be less than two correlation times 
wich bese ~ 17 r2/n << vo) for ieee to be a 


meaningful parameter. 


g) When intttal conditton II applies, Neff is 
independent of the properties of the mean field if 


We <<-0 sl 6G Soe (eee) S$eCULON Oo. 6. Ou. 


Restrictions (d)-(g) can be interpreted as restric- 
tions on the usefulness of the Radler expanston (3.96) as a 


representation of u'x Soe elie Radler expansion is 
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Obtained tusing ret ralecondtecton =? 7rana only ~-the*rirst*term 
of the expansion is independent of the properties of the 
mean field. 

It should be noted that the Radler expanston is not 
useful when the mean field oscillates with time [sectton 
CTU ett FOrPrenre=renrson,™ Cie VaLlaLtey "OL "Krause ang 
Radler's expression for the "turbulent conductivity" 
appropriate to an oscillatory, decaying mean field (Krause 
QnaInaarer yer 7 I eppeeru-fl) LSYopen=to question. 

Secttons 3.9 and 3.10 present a study of the beha- 


viour of decaying mean fields, periodic in space and 


oscillatory in time, in the presence of Gausstan turbulence. 


Perrs shown Teect vores "or ore "and 6.9.5) "that “1 inttial 


condittton I applies, no mean fields of this type with 


{(tefrgit)? + (ef }* « 4 


can exist unless (t/T) is identically zero. [)) 1sithe 
oscillation period of the mean field. 

Ons tne other Nand, Li t7ttralacondt ion aie lapplies, 
spatially periodic, oscillatory mean fields for which 
tee dL cxatehpe uch a ish (Initttal condition II does not lead to 
the requirement that \Semaes Tae -) The behaviour of these 
Gielus es described Wnteecrion 6.10. 5..9.h the vcondition 
We, ao Ts is imposed on solutions obtained using tnttial 


BCOnarerTon Li, LC 1S .Ound that turbulence for which 
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r2/n AS DY Cannot support spatially periodic, oscillatory 
mean fields of the required type [sectton 3.10.4]. 

in -seetton 6.11 the eftectiotf relaxing the condition 
of PT-tnvarianece on the turbulence is investigated. It is 
found that the mean field dispersion relation for this 
problem, while somewhat more complicated than the one 
studied earlier in the chapter, still involves only 
antegrars Of-the type studied in ‘section =o. 10. It is 
suggested that the numerical techniques used in sectton 
3.10 may well provide the most convenient method for 
investigating dynamo action generated by non-PT-tnvartant 
turbulence. The possibility of a dynamo with sporadic 


helteitty is also discussed [sectton 3.11.3]. 
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4. THE DYNAMO PROBLEM AND INHOMOGENEOUS, NONSTATIONARY 
TURBULENCE 


ALG eOGluc CLO. 


As pointed out in the last chapter, the assumption 
of stationary, homogeneous turbulence is a gross over- 
Simplification in a real, finite fluid. One of the 
DOrincipal cqitticultzeseiies inothe sract. that no poundany 
conditions can be applied to turbulence of this sort. 

In a dynamo like the geodynamo, where boundary conditions 
are important, it will clearly be necessary to consider 
tnhomogeneous turbulence. Furthermore, if the time 
behaviour of the mean magnetic field is to be described 
with any degree of accuracy, the turbulence will have to 
be nonstattonary, particularly in the hydromagnettce dynamo 
problem. 

The principal effect of introducing nonstationary, 
inhomogeneous turbulence into mean field electrodynamics 
is to make u'x B' depend explicitly on position and time, 
as well as on the mean fields u and B . When B is a 


growing function of time, equation (2.22) gives 


{u'xBod, = ijt mn Enpg - (4.1) 


t 
, 4 . (gia owt h!i\ BD eal 
-~oO 


248 


ful aaa ei - : isvaaiony 
noitqmuaes odd .xetqsrio desl edd at duo hednkoa BA 
-ievo esotp 6 at. sonsigdzud avoemepomod , YxsnO4: 
efit to on0 .binlt o¢kak? ,isex 6 at, Reeer. : 
yisbnued on tadd 3082 odz ni gokL eatstinolitib Isqtopizg 
.tuon eidt 2o eoneiudut of beilqgs ed nso enoisibaeo 
anotsibnoo yasbmiod e1edw ,omonybosg og eAitL  omsayb a ae : 
aebienoo o¢ yisazeoen od yixselo Iliw 3h ,tass2zogmi 9x6 if 
emit edt ti ,sromiedsay4 enamiudrns swosnaQomonne 


io tae ra oe oe 


bedizoash od od et bleit oltonpsm asem orld to xwolvsded " 
od sved Lfkw someludsus eft ,yostu908 to sexpeb Yas dtiw- 
ompxyh ortangamoghys ont at yirsivotsxsq vyipnottntenon od 
: maidortg 

.yrscoisstanon painubossai 20 s902%9 Leqtoaizq sat 
avimenyborsosio biekt asem ogal sonsindiut avoenspomorak - 
,sait has nottiaeg ao ulshorSque Baeqed Te xy saAsm oF ei 


s st @ nodW . 2 brs § ebfeltt asom of no a6 {iow as 
eaevip (£$.5) doigsepe ,emis to noizonut paiwore — 


can gan? ome ais? = lane} 
{c2i ACHE tg] ECAH AD g® 00's] | 


249 


after a time sufficiently long for the effects of initial 

condrterons on BS to have died out. Clearly, the effects 

of nonstationarity and inhomogeneity of the turbulence 

are represented by the dependence of the correlation 

tensor Rp ieee) on each of its arguments separately. 
We may therefore introduce nonstationarity and 

inhomogeneity into the kinematic dynamo problem fairly 

simply by choosing suitable forms for the tensor Rio 

[in the ftrst order smoothing approxtmatton], and for 


higher-order correlation tensors [when equations (2.25)- 


(2uc0) sare taken into account|; 
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4.2 Inhomogeneous, nonstationary turbulence - a survey 
of existing techniques 


4.2.1 Locally homogeneous, quasi-stationary random 
functions - the Kolmogorov structure tensor approach 


One of the most commonly used approaches to the 
study of inhomogeneous, nonstationary turbulence is that 
introduced by Kolmogorov (1941¢,b). In this approach, a 
random field u' (x,t) is said to be locally homogeneous 
and quast-stattonary in a region G if the distribution 


Functions of the difference 
us (x+x, t+t) - ul (x,t) ile 


are invariant for all choices of (x,t) inenGCe ashi neother 
words, the difference (4.2) can be considered as a 
stationary, homogeneous random function in G. (See, for 
exanpletnlatans kivwl G6 tespsend oie YaolorsadI62.tp. 93; 
Panekeo, td 97d, ipaei29. 2 

ThegpriAncipals~aquantityreofminterest in this approach 


is the structure tensor, 


Dy r.t) = furceer,t+r) - ulca,ty ff ujacr,ter) - uj (x ty} 


~w 


(4.3) 
which is related to the correlation tensor by the equation 


Dij (r,t) tas Rij Cxtr ,t+t j x+r,t+t) + Rij (x 485 x,t) 


i Rij (x,t) x4r,t+7) = Rji(x,t; Xtr, t+?) 
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As may be seen from equation (4.3'), the structure 
tensor approach does not provide a direct method for 
evaluating the correlation tensor Rij welne approach ais 


therefore not immediately useful in mean field electro- 


dynamics. 


4.2.2 The Stlverman approach to locally stationary and 
homogeneous turbulence with smoothly varying mean 


characteristics 


Probably the simplest approximation to the 
correlation tensor of a nonstationary, inhomogeneous 
random process is that suggested by Stlverman (1957; see 
OC Goel OLarecn? ~elyoigpp 06-00). sin this approach, the 
average properties of the turbulent field are assumed to 
vary smoothly over large length and time scales. 

In Silverman's terminology, a random field u' (x,t) 
is said to be locally stattonary and homogeneous if its 


correlation tensor can be written as 


Rij (x,t 5 x',t’) TH 4 YS a) 


t | 
= f{ See , =} rij(xi-x,t'-t) (4.4) 


It is’ clear from (4.4) that the Silverman approach 


will not permit boundary conditions on u' to be applied 


exactly, because of the way in which the "amplitude" f£ is 
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defined. Because of this restriction, the Silverman 
approach has only limited application in mean field electro- 


dynamics. 


#u2S3 8fheGradten approach to locally stationary and 


homogeneous turbulence with smbothly varying mean 
characteristics 


The principal difficulty encountered in the Stlver- 
man approach can be overcome by means of a Taylor series 
approach due to Krause and Radler (1971) and Radler (1972; 
BeCeaLSOUr. Homnovercs, 1971a)% in this approach eit, us 


assumed that the correlation tensor has the form 
Ri, Cx,t;xtr,t+t) = 
= u!*(x,t) m3 crt) +t 2, u!*(x,t) mi) (rit) + 


+ reg wrt) mic rc) + ne fyu7G.t)}, FOu,t) 


+ wig got fe fA (r,7) Vues (4.5) 


where 


w%(xer ter) = ult(x,t) + vy uxt) + eZ uxt) 
ee (4.6) 


General symmetry considerations are then used to determine 


(0) ; m{11) , and m{t2) Ts 
1) 1) 


13 
method is very useful when dealing with the kinematic 


the form of the tensors m 
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dynamo problem, but it is not well suited to the study of 
the more general hydromagnetic dynamo problem. 

Radler (1972) has derived a general expression for 
the correlation tensor of a turbulent velocity field in 
which all deviations from homogeneity and isotropy can be 
described in terms of the gradient of the turbulence 


intensity. 
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4.3 Inhomogeneous, nonstationary turbulence and the dynamo 
problems= aysuccessive approximation technique 


4.3.1..0utline of .the successive approximation Cechiniquc 


Another method for dealing with inhomogeneous, non- 
stationary turbulence can be suggested which wtll be 
applicable to the hydromagnetic dynamo problem. This 
method involves treating the large scale variations of 
both the mean fields and the turbulence by means of a 
successtve approxtmatton technique. As an illustration, 
we shall apply the technique here to the kinematic dynamo 
problem. Later, in Chapter 6, we shall use the technique 
in an investigation of the hydromagnetic dynamo problem. 

We shall assumes thatecthe fluctuating fields “uly Gand 


Bee clgoc eeepTCscntLcd DY eKOULLemSotlelt jes enLegralseot 


the type 
ui(x,t) = ({ U.;(x,t3 0) AZ;Ck,o) eiiex+ or] (4. 7a) 
RO 
BiGx,t) = [ Bij Gx. tik.0) Ay; Ce co) ett +074 (4. 7b) 
Rw 


3a CECE SOR) NERO 


where the tensors Baers) and 8 
with position and time on scales large compared with the 
correlation length and time of the turbulence. 

The representations (4.7a,b) may now be substituted 


into the fluctuating induction equation (2.10). In the 


first order smoothing approximation, (2.10) reduces to 
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(2.13). A successive-approximation solution to (2.13) may 


be sought in the form 
dz Merion soidZ son (kywieteds utiermer cae (4. 8a) 
av(krw) = dx!) (kw) + ay) (K,u) +... (4. 8b) 


with the zero-order approximation being obtained by 
neglecting the large-scale variattons of all quanttttes in 
(Eee. B' must of course satisfy the divergence con- 
dition (2.11). For simplicity, the flow will be assumed 
incompLessibley"so that »u'ysssatisfies (1.2]). 


At each stage in the successive approximation, the 


large scale variations of all fields (and their derivatives) 
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assumption, we may make use of equation (2.48) 


AZo (k,w) AZ (kw) = ?;; Cie co) SCke-e’) Stea-cd') Ate dle'deadea'’ (4.9) 


to obtain the expansion 


ij (e,0) = 5 Ce,wo) + $EUe,.0) + P67) +... (4.10) 


where 
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= OF (8 0) dlle-le') 5 Ga-ca') dle dle’ dw dia‘ 


255 


~ 
_ 


- 
oe 


yaa (£1,S8) o¢ sotgutos nobdeainanigeon! i +08 ) 
wi0% od3 nk 2 ed " 


a a 


(a8. 8) ne wpe opp - uke Me 
(48. ) vee © (od) (1p + (aid) (0) ¥5 = (wu. 2) 28 : - 


yd beatetdo pitied nokgemtxorqas s9b10-ores sdz dsiw 
-sgras sit grttosy gar 


-go> sonaprevih ails ytettse sexvoo to jeum ‘S (BLS) — 


bemuans od ifiw wodt eft ,ystotiqnie 10% (£1.58) aorksis- 
7 on 


(£8.21) aekieisse ‘yg geds oe \sidtezetqnoonk 


«xy aebttdWowp Sis Yo sxotinrass eipos 


oft .nottsmixorqqs eviea#sosve etd al spete dose 3A 


(eevigevixed stedt Bos) ebie:2 tis 20 enoitsizsvy oisce spiel * 


yi Baniteb , ¥b Sas Bb 4ed3 etuene ot bexzompl od saum 


eid+ tspnu .snofis w ns F to enoitonut aismet (8.8) 
(82,) aoLseupe Yo sew eism yam ow \nolsquvees 


nl 
Te SHS (oH) UP = (oo Die» (w DS 
7 


notensgqxe ods ae 
> * 


(OLB) += (co, 2)° 2 + (a, GP * (oa “54 “ (o,2) yp? - 
d i 


Cols (mS I jon 


is) OC 
teal tale' tow (a-ed8 ('g-8d8 ee = 


(£0 .8) 


256 


4.3.2 *solution=of they fluctuating#induction equation 


Writing out the first few terms of the successive 


approximation solution in detail, we have, from (1.21) and 


(2a ti 
OR eUds oy neo (4.12a) 
iR-Y+dz% = -y-Y-dge » noi Car) 
ie. B-ay*) = 0 (4.13a) 
ik. B Lb see Sao Ayre ae net (4.13b) 


The simplest way of satisfying these equations is to assume 


v-Y¥ = O (4.14) 
vee = O (455) 
S Om clic 
tkeU +dZ™ =O | Vn (4.16) 
ik-B-AY™ =O | vn (4.17) 
(4.14)-(4.17) are useful in the kinematic dynamo problem. 


However, in the hydromagnetic dynamo problem, the full 
equations (4.12)-(4.13) must be retained (see sectton 
6.4.4). 
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These expressions may now be used to obtain further 


expressions for u'x Bl : 
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4.353" Caleulation-of*«Y! x Blesin’ the -first order smoothing 


a SS 


approximation 


The value of ex Be appropriate to the first order 
smoothing approximation may now be obtained in the form of 


a series. Making use of (4.11), 
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Arie TL EEOOCUCIL On OL boundary conditions on the turbulent 
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amplitude 


The final step in the solution is to assume that 
Ui5 Tee eee ee ace va ll Wut Pots sors SC) er Bale ou) 
It will then be possible to satisfy any desired boundary 


conditions on u' by adjusting the form of un Y @0trs 


of course clear that for the kinematic dynamo problen, 


the expansions (4.8a) and (4.10) are unnecessary. In 
addition, the complex tensor U5 may be replaced with a 
real scalar velocity amplitude function U(x,t) . Equation 


(4.19') then simplifies to 
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However, the more complicated expressions in (4.19') will 
be required later on, when we consider the hydromagnetic 


dynamo problem (see section 6.4). 
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When the mean velocity u and its gradient can be 


neglected, (4.20) reduces to 
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u' can be represented in the form (4.7a), where dZ 


satisfies (4.9), and O55 is the spectrum tensor of a PT- 


invariant process - then hes is real, and 
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<a 2 A 
= —U*€ij9 SBe (25 Fin aides (4.22) 
IXn i (w2+4 Ye te*) 


Equation (4.22) may be rewritten in the form 


UxtBe = -n (A-v)x B (Ameo 

where the tensor ie is defined as 
2 ie? >; 
(Sigs U | *#. dk dw (45228) 
(wo?+ n2k*) 

Since o4 is symmetric under interchange of indices, by 
the assumption of PT-tnvartiance, the must also be 
symmetric under interchange of indices. Furthermore, since 
the diagonal elements of O54 must be separately non- 


negative if Bochner's Theorem is to be satisfied (Batchelor, 
Dee Ny en Nears (a) 7 As must also have non-negative diagonal 
elements. 

For the particular case in which oi5 is the 
spectrum tensor of a homogeneous, stationary, tsotropte 


process, we have, from (3.7) 


E(R,w) : 
Pik Teaginyes { e*5;; — kik} (4.23) 
where e(k,w) is a non-negative function. Equations 
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Ajj = A bij (4.24') 


A 


ob r-) 
! [av [ar £7E(%H.>Wre) (4.24") 


E+ + Gv)? 


tt 
qo|ps 

(= 
ps) 


where ‘Ne and T, are to be interpreted as the correlation 


length and time, q is the parameter defined in (2.69), and 


&€ and v are dimensionless. Substituting (4.24) into the 


modbvired Onm's Law, (l.17), we obtain 


apy OnE, (4.25) 
where On is the turbulent conductivity, defined by 
a iil 
Oo a cogil ea 2h) (4.26) 


iT 


Since A is non-negative, the only effect of locally 
tsotropie turbulence of the type considered here is to 
cause a decrease in the effective (turbulent) conductivity. 
This result is in agreement with the conclusion of Sweet 
(1950) that tsotropic turbulence must tnerease the rate of 
diffustve decay of a nearly untform magnetite field. 
(Dee wee CLUOM Only) 

The results of the last paragraph make it clear 
that 1f a scalar velocity amplitude U is assumed, the 
introduction of inhomogeneity and nonstationarity in the 


turbulence does nothing to remove the need for asymmetry 
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in the local spectrum tensor, os met ecyvnamoe action 2s) to 


be obtained. 
4.3.6 Comparison of results with those of Chapter 3 


The expression (4.26) for the turbulent conductivity 
can be compared with the expression obtained for the 


ePfecttve atffusvvity, Ua a aha) (esieshlal SM beweame ye, 
a is) i aes 
E(kyuwe = CerACT OK -h(k,w) (4.27) 


in agreement with (3.45) and (3.75), and rearranging terms 


in, (4524%) ;, we.obtain 


UNE ii ey (eee ae 


Equationio@s 28). als: identical tlor (@u9N)eaparts from) the Gact 
Ghaew U is now a function of position and time. This 
agreement provides a useful check on the validity of the 


Successive approximation technique used in deriving (4.26). 
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The correlation tensor used in the approach leading 


to equation (4.19) is of the form 
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Rij (x,t; xtr,t+r) 


wed 


[/ Use (x,t; Ryo) Ujm (ete, £47 ; be’ wo!) AZf Cle w) AZ, (leis) 
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i{kR-r+wt 


= if Uig (x,t 5k, co) Ujm(x+r, t+ 58,0) Pom (kw) & Vedeo 
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(4.29) 


If the assumption concerning a ecalar velocity amplitude, 


used in deriving (4.20), is made, (4.29) reduces to 


Rij (x,tixerter) = Ule,t)UGer tet) mij (rt) (4.30) 
where 
Misr .t) = {f Pi (kw) ete torh dle dus (4.31) 
kw 
When (4.30) is used, the spectrum tensor is of the 
form 
- 2 
P55 (k,w) — U ois (k,w) (4.32) 


where the large-scale variations of U have been ignored 


in writing the arguments of re - Since the symmetry 


properties of ule in (4.32) are just. those of os 5 A abe 


is not to be expected, in this approximation, that large- 
scale variations in U will materially affect the symmetry 
requirements on ?55 Meher hserstite) iskeheslery jee) Clelelbhes 

When (4.29) is used, on the other hand, the spectrum 


tensor is of the form 
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when the large-scale variations of is are ignored. In 
(4.33) the symmetry properties of ae depend on both 

* 
dim and those of Diam pecOechat ?i5 may 


does not. 
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have an asymmetrte component even when O55 
Helicity may therefore arise from either small-scale or 


large-scale variations of ue 4 MOS oie: ans apeys 
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fas Shas: Comparison Of the successive approximation technique 


with Radler's approach 


We may now identify the principal difference between 
the successive approximation technique suggested in this 
thesis and the approach of Radler (1972) and Krause and 
Radler (1971), described in section 4.2.3. 

Krause and Radler obtain helicity which is related 
Lopuneslange-scalesvarialtiOonssoOr) gue by assuming R,. to 


J 
have the specific form (4.5). They then choose the 


mn (0) (11) (12) 


coefficients a Nes jo Gehays, ire 
1) 1) 13 


, =m to represent 
correlation tensors of stationary, homogeneous, isotropic 
processes, with the form (3.48), so that all the helictty 
effects arise from the large-scale variations. In the 


successive approximation technique used here, we introduce 


the effects of large-scale variations through the tensor 
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possible with the method of Krause and Radler. This topic 
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4.4 Summary of Chapter 4 


This chapter is concerned with nonstationary, 
inhomogeneous turbulence and its treatment within the 
framework of mean field electrodynamics. 

A successive approximation technique is proposed, 
and is applied to the kinematic dynamo problem. Some of 
the results obtained are compared with expressions derived 
imChapter 3. 

The \possiibi tvs ofpantroducing helicity sthrough 
large-scale variations of the turbulent velocity distri- 
bution is discussed, and the successive approximation 
technigue is compared with the approach suggested by 


Rad Lev (197.2 ) « 
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5. TEMPORAL BEHAVIOUR OF ASTROPHYSICAL MAGNETIC FIELDS 
See LN erOoCuCcrEL On 
5.1.1 Temporal variations of astrophysical magnetic fields 


As was noted in sectton 1.1.2, many astrophysical 
magnetic fields vary in a complicated way with time. 

These variations are summarized for a number of fields in 
ape Sal om ha and. Lo. 

It will be seen that several of the temporal 
variations listed in Tables 14 and 15 can be explained in 
terms of stellar or planetary rotation. If the magnetic 
field of a rotating body is not symmetric about the axis 
of rotation, the field must vary periodically when 
viewed from the Earth. The simplest possible case of this 
type is that in which the magnetic field is predominantly 
dipolar, and the magnetic dipole axis is inclined to the 
av SeOreLOtatron se Thiusiop i. que movacror model is, Clearly 
applicable to planetary fields like those of the Earth and 
Jupiter. It has also been applied with considerable 
success to stellar magnetic fields (see, for example, 

MES CCT By 67 weo 71 Gee ie CPCS LDOMs bO. 0 Tide Oe LOlCe Dis 
VOVAE TIE OL elo s Ose Meare hb rand LakKNGrwle 1 oes 

The oblique rotator model does not, however, provide 

a unique explanation for the periodic variations of stellar 


magnetic fields. An alternative model has been proposed by 
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Prause 197, «1972D, Cc, panawhich thesstellar field is 
assumed to be nonditpolar, and symmetric under reflection in 
the equatorial plane. This equator-symmetric rotator model 
takes into account the fact that in some dynamo models 
PicluGiIng Ane o-enlect= (Stim 19/71 s RODErLe Andy oeLe, Lone: 
Krause, 1972¢e; Moffatt, 1973) non-axisymmetric mean fields 


are more easily excited than axisymmetric mean fields. 
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5.1.2 Polarity reversals 


As may be seen from Tables 13-15, the magnetic 
fields of the Earth, the Sun, and some magnetic stars all 
exhibit polartty reversals. In the case of magnetic stars, 
these reversals are readily explained in terms of either 
the obltque rotator model or the equator-symmetrie rotator 
model. However, these models cannot be applied to the 
magnetic fields of the Earth and the Sun. 

Reversals of the solar and geomagnetic fields 
differ considerably in character. The background solar 
field appears to reverse in a quasi-periodic fashion 
Pelated to the 22-year magnetite sotar cycle. The  change- 
Over from one polarity to the other is not always smooth - 
for example, the field is sometimes quadrupolar rather than 
dipolar during a reversal. [Recent observations (Stenflo, 
1972) suggest that irregularities of this nature are more 
common and of longer duration than would be expected on the 
Simple "periodic reversal" model.] The geodynamo, on the 
other hand, reverses in a highly irregular fashion - so 
irregular that geomagnetic reversals are often modelled as 
a fonstarvonary random process (Com, 19608, 1869, 1970, 1971; 
burdin, 1068; Nagata, 1069; Crain and Crain, 1970; Crain, 
Le7 1s Natduy Jey is Kono, 1072: blakele ond Cou, 197 2a; 
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The frequency of geomagnetic reversals is plotted 
as a function of time in Figure 22. The smooth, dashed 
curve has been obtained from the work of McElhinny (1971), 
who plots the percentage of polarity measurements that are 
“mixed (i.e. ibotmunormal and reversed" polartttes tn 
the same rock untt) as a function of time. As shown in 
Figure 22, the most recent portions of McElhinny's curve 
can be fitted quite well to detailed reversal frequency 
measurements if the curve is considered as a logarithmic 
plot of frequency We times ‘The ‘curve’ is) clearly %a very 
crude approximation, but it serves to illustrate the non- 
stationary character of the reversal process. 

The “détailed results" of detrtezler, ef al. .(1968), 
and of Heteley “and Steiner (1969), plotted on the right in 
Figure 22, indicate that changes in the reversal frequency 
are likely to be discontinuous on the time scale shown. 
There appear to be sudden jumps in the frequency of rever- 
sals at 50 m.y.b.p. (million years before present), and at 
724m, Vie sp $ 

Other results, not plotted in Figure 22, indicate 
that the nonstationary character of the reversal process 
has persisted over much longer times than those indicated. 
Retd (1972) and Stewart and Irving (1973) have found that 
reversal rates in the Precambrian varied in much the same 


way as those plotted for the Phanerozoic (t.e. the enttre 
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pertod shown tn Figure 22). Retd (1972) reports a varia- 
tion of, the reversal rate from 0.4/m.y..to 1.l1/m-y. over a 
SUE Vee INtervalmae Sougnly L800em.y.b.e. Stewart and 
Irving (1973) report reversal frequencies less than 0.1/m.y. 
at JO OEM yn Ue, wandeGreaterscnanrl/Mmsyuw ac «7 90eM.ys be Dp. 
Since Figure 22 was plotted, two papers have been 
discovered which indicate that the peak shown in the 
Jurassic and Triassic is somewhat too low. Vogt, Einwtch, 
and Johnson (1972) report 41 reversals between 150 and 135 
tev. DD.) divingwanvaverage reversal) rate of 2.7/msy. in 
the late Jurassic. Helsley (1972a) reports that at least 
23 reversals occurred during the Triassic, giving an average 
reversal rate > 0.7/m.y. between 225 and 190 m.y.b.p. 
Detailed study of more recent palaeomagnetic data 
indicates that the time between reversals varies widely - 
Erom) v3 xX 104 years to ag long as 3° 10" years (Bullard, 
DOo meet rhe bere L slew G0 One LOR LY Band 1000,  O7.20% 
Mofrate, 1976). “During the last few, million years; rever- 
Salsmhave OCCULLeOmaumIncervals Of roughly —-2-3°x 10 years. 
The behaviour of the geomagnetic field during a 
polarity reversal has received considerable attention in 
Peceuuny CALS VEEN LUNITN mere ai 110 41) low ae SCUGy) Old 
Seversal au, Loemey.b.p., Lind that the tield antensity 
decreased by a factor of 10 before any change in field 
GirectlonsOccurred, and did not return to normal until after 


the directional change was completed. The directional 
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PiLgunerme. Reversal rate of the geomagnetic 


field as a function of time. 


(Ll) Curve derived from the work of McELlhinny 
(1971).. McELhinny “Ss (plot vortwpercentage Or 
"mixed" polarity measurements vs. time is 
interpreted, to a crude approximation, as a 


logartthmic plot of reversal rate vs. time. 


(2) Kiaman Magnetic Interval - approximately 


one reversal in 50 m.y. 
(3) Results of Helsley and Steiner (1969). 


(4) Results sof der rizler, et vat, (196s); 
obtained from sea-floor anomaly patterns. 


(Plot shows a 10 m.y. average taken every 
He Tieiveey) 


As pointed out on p. 278, the work 
Of Vogt, Eimwich, and Jeuneon (1922) and of 
Helsley (1972a) indicates that the peak shown 
in the Jurassic and Triassic is perhaps an 


order of magnitude too low. 
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change is estimated to have taken 1-4 x 10° years, while 


the intensity change is estimated to have taken 10° years. 
Similarly, Watson and Larson (1972) suggest that "major 
dipole instabilities" (e.g. reduction of the dipole inten- 
Sity by 80%) occur prior to reversals. On the other hand, 
Kent, et al. (1978), in a detailed study of two reversals, 
find that the change in field direction took the same time 
as the change in field intensity in each case (3800 y for 
one reversal, and 3500 y for the other). 

Recent work suggests that "...the field during a 
[polarity] transition is not a geocentric dipole tightly 
coupled ctomthesamantle Py (kitlhouse gsetial j£°197 277 Lange 
variations in magnetic inclination and declination, as well 
as a decrease in field intensity, occur during a reversal 


(kama, acveal. nal.a7ah? 


Dt ierOscl Plat Lol SpectLuUM, Ol ene geomagneclo cLeld 


As may be seen from Table 13, the geomagnetic field 
varies with time on many scales besides that of polarity 
reversals. It is frequently helpful to consider an 
osctllatton speetrum of geomagnetic variations (Cox and 
DOOD ho O.e el CODE, SLU DED LOUIE K tt sa lU TOD ml Ok eed O jars 
Bragimekity (19/004, Mesi4 ore) Olvidessthis “spectrum “into 


three major categories: 
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a. the fundamental frequency, characteristic of dipole 
field strength oscillations, with period 19 x 10° years 


(Seempoariote. (7) Vaple tls); 


b. medtum frequency oscillations, with periods in the 
range 100-5000 years (typically 1102 years, with peaks 
in the spectrum close to the period of westward drtft 


of the nondipole field); 


c. htgh frequency oscillations, with periods < 100 years 


(seer oer rnote. [Lily tape elo). 


The theoretical treatment of these oscillations is 
hvghliy*complicated Ve9Pragiuniski1*(1970D; “1971; 1972) suggests 
that the existence of a fundamental frequency is a conse- 
quence of the two-stage nature of the dynamo process, in 
which a weak poloidal field leads to the generation of a 
strong toroidal field, and the toroidal field is responsible 
for the regeneration of the poloidal field. Medium 
frequency oscillations are associated with the so-called 
"MAC-waves" (t.e. Magnette-Archimedean-Coriolts waves) in 
the Earth's fluid core (see the references tn footnote [2], 
Table 18). Finally, high frequency osctllattons are linked 
to torsional magnetohydrodynamic oscillations and turbulent 
pulsations in the core (see the references in footnote [1], 
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o.2 Reversalswend) thesmeanviaeld thinematic dynamo problem 


5.2.1 Dynamo models for solar and geomagnetic reversals 


In the last few years, a number of reasonably 
successful dynamo models have been developed to account for 
the temporal variation of the solar magnetic field (Gilman, 
UGGS, WLO69G, Oo; “Letgnton,. 19693 steenbeck and Krause, 19694; 
POPEOy EY HU GME wet Le MUNaOwOLE Cle Lis ott, Lord & ROPE rts 
Ghd seta, [OVE oe ott a. lone Levicne and Parker, 1972). 
However, the problem of the long-term temporal variation 
of the geomagnetic field has proved much less tractable. 
Some progress has been made by Parker (1969b) and by Levy 
(1972a,b,¢e), who have carried out kinematic investigations 
of geomagnetic reversals. The model suggested by Levy 
(1972a;b,¢c) is of particular interest because of its rela- 
tive mathematical simplicity. However, like most kinematic 
models, it suffers from the disadvantage that its velocity 
distribution may well be a very poor representation of the 


distribution actually present in the Earth's fluid core. 


Se2ee The mean raield anduction, equation 


Let us first consider the mean fteld kinematic 


dynamo problem as it applies to the Earth. It is convenient 


to separate the magnetic field into its torotdal and 


pelovddar, parts 
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B = curR Tr + Curkeurk Sr (57) 


where £& is the position vector, and 2 (eat) andnes (mae) 


areagsGalar Ereldsyntseenthenfootnoterts [ableags Phases, and 


Poboe hOveTCS, 19674, pp. 60-82) . 
Using spherical polar coordinates [r,98,¢] , and 
aesumingsethateiT fand) .SanaresSiunctionseonhypoted [raAbet le, 


we may rewrite (5.1) in the form 


Pee 1S curt | 36 1 
= Bi, + curl {Alp} (S20) 
where 2) TSetne Unltavectom in therazimuthal directsaon. 


We shall also assume that the mean field induction equation 


has the form 
f2-nvls = cwhfuxB + aB} (5.3) 


where an o-effect term aB has been substituted for the 


fluctlatLing j@.mM.6£.. Ux 9B. (see the discussion tH section 
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Faceog The a? dynamo 


If, in (5.3), we make the further assumptions that 
and a 


on | 


are functions only of 


PY Oy Gd 7, and chat 


Us Ulp + curd {ats} ca 
equations (5.2), (5.3), and (5.4) can be combined to give 
{&- napa = (5. 5a) 

= aB + tng { Riva) RlAsine) + 2 (asin®) 2 (rAY} 
is a nat B= (5. 5b) 
a -t2fa2 Z(rAy} — 4G 25 jo 25 (Asin®) } 
+ {iS - 22} (aB-uA) 
where 
A, = {div-grad— stow} = [¥7- cag] (5.6) 
If u= 0, equations (5.5a,b) reduce to 
{2-aya = aB (See) 


{H-14.}B = -tjaz 2 (rAy} — 


“9 35 {a 2 3 (Asine)} (5.7b) 
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giving the equations of the so-called ma dynamo (Krause 
andistecnbeckyal0G7SIPShs Robértassqil@ZlagdSdvardhei972as 
RobenteagndaStixvsuig72). 

Equation (5.7a) represents the generation of 
poloidal field (represented by A ) from toroidal field 
(represented by B ), while equation (5.7b) represents 
the generation of toroidal field from poloidal. The name 
ae dynamo" derives from the fact that in the two-stage 


process described by equations (5.7a,b) the operation of 


each stage depends on the fact that a # 0 


Lf, in equation (5.4) a= 0, and if the terms 
anvolvingsasG@snin equation.~(5.5b).cansbe yonored in.compari-— 


son with the terms involving u , equations (5.5a,b) reduce 


ro 
is -na,t}A = o&B (5.8a) 
= =< na} B = sot 8 2 UA) —— 4, 3A) (55.05) 


giving the equations of the so-called aw!’ dynamo 
(Steenbeck and Krause, 1966; Soward, 1972a). The dynamo 


equations (5.8a,b), and generalizations of them, have been 
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studied by many authors, including Parker (1955, 1970a,c, 
1971@), Bragi~inskit (1964a,b,c), Krause and Steenbeck (1965), 
Steenbeck and Krause (1967, 1969a,b), Krause and Radler 
(1971)>5 and foperts and Stix (1972). 

u is often assumed to have the form of a "modified" 


migiLla, bOdyeroration 
u = wr siné 


where w = w(r,8) . Under this assumption, equations 


(5.8a,b) "reduce to 


Z-napA = aB (5.8a') 
{3 -A,} Bp = 45. } Va x y(Arsin®)} (Sere ban) 
If, in addition), wu “is independent of ~6 , the equations 
reduce further to 
{R-najA = aB (5.8a") 
@ a= f ~ Ww 
2-94: 3B = 0/2 (Asin®) (5.8b") 
wheré Wo! = Ho" (r)°= dw/dr 
The reason for the name "aw' dynamo" is clear from 
equations (5.8a") and (5.8b"). In the two-stage process 


described by the equations, the first stage (generation of 
poloidal field from toroidal) operates only if a#0 =, 


while the second stage (generation of toroidal field from 
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poloidal) operates only if w' # 0 


5.2.5 The Levy model for geomagnetic reversals 


The model studied by Levy (1972a,b,¢c) is of the aw' 


type, with 
u= {orsin8 } HCr-r) (5.9) 


where H(x) is the Heavistde untt funetton, equal to unity 
EO tae Xe eatlO eZ eCTORLOl Mie Umum VC UUM OL 2d 50 jipaelike 
Parker (1969b), represents a as a patr of axtsymmetric 
6-funetton rings, symmetrically placed above and below the 
equatorial plane. This model can be taken to represent 

two rings of cells of eyclonte convection. 

Levy (1972b) studies field reversals by using a 
sporadte model in which "bursts" of shear (i.e. 6-functions 
in time) of the form (5.9) alternate with bursts of 
cyclonic convection at various latitudes. Two kinematic 
reversal schemes are discussed. In the first, it is shown 
ChatemsceStrOngmourst OL) CYC LONICeCoOnvVection ausniGgn w.ata— 
tudes will reverse the dipole field", while in the second 
it is shown that "...if the geomagnetic dynamo has a region 
of reverse toroidal flux in the core, then a strong burst of 
cyclonic convection in that region will also reverse the 
GALDOLERLLELA (ev ied ore Cy « 


Levy (1972c) examines the second kinematic reversal 
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scheme in more detail. He considers a model in which a 
represents two or three patrs of rings of cyclonic convec- 
tton, and shows that stationary solutions of the dynamo 
equations exist in which extensive regions of reverse 
toroidal flux occur. It is estimated that in these solu- 
tions eae LUCcUaLLOongOn 20-SUe Ine tieearsetri1 olution OL 
cells of cyclonic convection can lead’ to a polarity 


reversal. 
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Be VFhe ao (8) dynamo. in’ agspherical tshell 


5.3.1 The mean field induction equation and boundary 
conditions 
In order to test the possibility of an ae dynamo 
model for geomagnetic reversals, let us consider equations 
(5.6a,b) in the case when a depends only on r . Under 


this assumption, the equations reduce to 
tig 2 = 
{a-Vv 5s aT (5.10a) 


d 
jS-av7}T ~av’sS - & 2 (rs) (5.10b) 


where T and S are the scalar fields defined in (5.1) 
ano.) mead a = io (= d0/7 dG. se equations ((55.0a7p) 
will be assumed valid in the spherical shell r'< ae EO Re 
bounded by a nonconducting medium in fr > be a eR Crass bor? = 
the mean velocity u may be nonzero, and equations (5.8a,b) 
may hold in this region in place of equations (5.10a,b). 


The boundary conditions to be satisfied by the mean 


magnetic field are 


<S> = <T> = <9S%ar> = O , r=nKHu (Sel) 
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The velocity field will be assumed to satisfy the boundary 


conditions 


Rae O, rer, (5.15a) 


(oe oD) 


5.3.2 Separable solutions - the radial equations 


In the region r‘<€¢ré& ry the equations (5.10a,b) 


have separable solutions of the form 


& 
S = 2 Snr) P,, (cos 8) e- tnt (5.16a) 
iS > Ta (r) P., Ccos 8) goat (5.16b) 
A=) 
where the radial functions S, (©) and Te) satisfy the 
equations 
| on = ls — nies terse) = a- (rT,) (5.17a) 
{ Tn ~ nine |} (rT) = (5.17b) 


= -a [2 ~ eS, ne) |(ns, ) — a ‘ £— (r Sa) 


and the P_, (cos6) are Legendre polynomials in cosé@ 


In the region fr > Ly CHERGCONGLELONS ito 3) ee lLeag 
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to solutions.of the form 


aA 

Sur) = carn at (5.18a) 
aA 

Tnhfry) = O (5.18b) 


woeo The radial equations “in nondimensional form 


In order to reduce the equations (5.17a,b) to a 


nondimensional form, we shall define 


Zz = 1-(%) (5.19) 

= (rSa)/rs (rn) (5.20a) 
Y = (@T)/ sm) (5.20b) 
a Tnto/n (seo) 
R= roar) /y (5.22) 


We shall also use the notation 
N = n(n+1) (5.23) 


Subst tucingd (0.0) — (5225) eIntorequaltons "(5.Lva pb) 


we obtain the nondimensional equations 
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Fe — leper 7 a Xx RY (5. 24a) 
ol? N = 
tea -| > +v}}y ms (5.24b) 
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These’ equations are valid in the interval O< z2¢2az , 


where 


z*= i1- (/r,) (5.25) 


5.3.4 Power series solutions of the radial equations 


Since the problem is kinematic, the function R(z) 
may be specified in any way which gives an allowable flow. 


We shall assume that R(z) has a power series representa- 
a F * 
C1ION in Phez *< 6Z 
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m=O 


The solutions to (5.24a,b) may also be expressed as power 
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series in Z€2z 
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equating coefficients of powers of z _, we find that 
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The mean field and velocity boundary conditions at 


Z= 0 give 


Xo = 1 ; X,= Nn (5229) 
Y6r=+0 (5.30) 
Ro = 0 (Soi) 


Thus petroma(se28a,b5)4 


X2= > (N+) (5.32) 
¥3 = +i Nin+2) + ¥} (5.33) 
Ky = “ol N(3+2n) + (N+) a RY, } (5.34) 
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and 
Y, = =R, (5.36) 
Ys = SLUM WY, + (N+24)R, + Anke] (5.37) 
Y4 = Ton QNY, + LS Ce-N) - 2N +2. N(n42) +3 y)R, + 


+(2N+3¥)R2 + 3nR;} (5.38) 


Ne Bat [ZN*+ 3N- Ri] +[EnN +5N7 +NJR, + 
+ [SnN+2N]R2 + 3NR3 + 4NR, + 
+ vLENY, + SNR, +(2+4n)R, + 4R3] + 
+ vty, + Ri] } (5.39) 


The parameters Yy and y remain to be determined. 


Deon ADDL ucatlOn Oo fethe boundary conditions =) Che 
kinematic approach 


From (5.12), there are LOour boundary conditions on 


the mean magnetic field to be satisfied at Zz = z. - namely, 
<x> = <YD = <4%/az> = <4Y¥/dz> = O (5.40) 


In the normal approach to the solution of the problem, these 
conditions are satisfied by adjusting Yer aye and the 

two arbitrary constants available in the solution of the 
induction equation in 2 < Z& 1 sabter the conditions 
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There is, however, an alternative approach which may 
be used. Since the velocity field in the kinematic dynamo 
problem is arbitrary, apart from the requirements that it be 
allowable and that it satisfy the conditions (5.15), we may 
Choose toefulfil the boundary conditions at Zz = 2 by 
adjusting the coefftctents RT ° In this approach we 
may asSign any desired value to Y, . For example, we may 


1 
plausibly require that 


Y = 0 (a4) 


thus ensuring that the toroidal magnetic field will be small 
in the immediate vicinity of the boundary of the conducting 
medium. 

It would also be possible in this approach to asstgn 
any desired value to the dimensionless decay constant y 
However, as we are interested in studying the temporal 
behaviour of the magnetic field in terms of the other para- 
meters of the problem, we may choose instead to assign a 
particular value to one of the coefficients we (n>) 


In order to allow y to be complex, we shall assume that 


Y = C = constant (54/20 
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5-300 othe oOscrlloumo dipole facla— "boundary layer 
control” om trrequency 


For the case of a dipole external field, n=1 
Substituting this value into equation (5.39), and combining 


(5230) pao. Gi juan (bo aec) Bwe obtain 
Sa Jy fn ia die at 
us S{1+tx+tPxt + is ey 
tft fre tae x)” +" g0£ 
~L9 1G +P R, 


y 
-2[1 + 3x +3 Bx +L ¥px]} ; 


where 
xe 2Rafe, = RNR) = ~r O"RYa'(e) (5.44) 
B= 3R/p, = ROR) = -r UY y(n) (5.45) 
Fa 4Ra/y, = RNOCVgm(o) = -vaMMYam(ry (5-46) 
If the coefficients Ry ; Ro , and R3 are chosen 
in such a way that 
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The imaginary part of y provides a measure of the 


osetllatton frequency of the external magnetic dipole field. 


If y is purely imaginary, this frequency can be interpre- 
ted as the frequency of polarity reversals. From the 
definition of y , (5.21), we see that the number of 


polarity reversals per million years is 
no.of reversals/my. x 7 (/r.2) (-¥? : {3x io’ sec/my.} (5750) 


if y is purely imaginary. 
For the Earth, n = 3 m-/sec and coe ous 10° mes 


Substituting these values into (5.50), we obtain 
no. of reversals/my. % = y-¥? (S251) 


In Figure 23 the number of reversals per million years 
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The curves plotted in Figure 23 correspond to a 
kinematic dynamo model in which the temporal behaviour of 
the external magnetic dipole field is controlled by 
turbulent motions near the boundary of the conducting fluid. 
A stationary state, corresponding to y = 0 in (5.49), is 
changed to an oscillatory one by small fluctuations in the 
dependence of a@ on r near r= mr: Of course; 2b must 
not be forgotten that a has been assumed time-independent 
in the solution of the induction equation described above. 
However, we may think in terms of a sporadic model in which 
the dependence of a@ on r near r= Lo changes 
discontinuously at irregular intervals. It is interesting 
to note that values of the reversal frequency on the 
steepest part of the curve in Figure 23 correspond closely 
to the values observed for the geomagnetic field (see 


BLOURE ae.) 


Je567  CONSIStencyarequirements 


In order for the kinematic dynamo model described 
above to be consistent, the intensity of the turbulence in 
r ¢ Las ry must be sufficiently great to allow the 
boundary conditions at r= r to be satisfied by adjusting 
the values of the coefficients R, °- From (CB EN eo (358 SIS) 
and (5.41)-(5.49), we see that when y = 0 the values of 


* 
oho Dita bo rhe. vasa A are given by 


. 


- 
7 


i : (oan rf 7 af: mse 
*) G i : woe 
LEE 1 be H ne a" 
pa POP: ‘ "ae " : Aaa : Ate : pen ie ol 
6 oF grt “ aT 
20 swoiveded Saxons ot? fokew nt “hate t ae itemer omnia 
yd boLlortaos st ‘Blott aeons bb oon ‘DEAE 
btu palsoubaos ads to qusbaiuod oft x98 anotsom 3 9 Les 
et (8.2) nk O # ¥ OF paibnoquerzc setae cnsatenle 
ig 


eds ak anoitsusoult Ifisme yd eno yaoieiitveo ns ot bepas 


seum $i ,ontwoo 20 =. ot = t tsen FT AO D 1 } 


p<awht homers aged asd o dart nod topt02 od FE: 


snebregabs 
.osvods bedizseeb nolisups noksoubat edz 20 noituloe oft 


doidw nt Lebom otbntogs s to ented at Aning Yam ow , tSVoV 


sopasd>. .3 = i WAN x no po to sonebneqsb 


putteeretnit et 31 walevreint wsinperri 35 ttevountsneekb _ 
1” 


edd so yonsupst? Iseisvor ed? to eeulsv oh i ejon of 
yfeaol> bnogeeti99 SS gangis at evaus od? zo pp sueqoese 


) BLleit® sitempsmosp ois 20% bsavreado aculsv odd of 
(88 omyht | 


etnomesiupst yonosateno> v.£.2 


boditoreb Isbom omanyb obsenentst oft 03 tebro al 


nt sonsiudisd edd to ytienetnt ef , tnesetenoo od oF ot 
ton 


eis woils oF. dsstv a eee at od seum 2 . 
au ae 
pnitevths yd bettetzes od oF *s =a 26 aaokstbnee x 
(QE.2)-(@S.2) mow’ se sigitotiiece etd 20 * slay © 
to asulev oft O= y 98 2 OW y 2) - (0b b.2) B 


Pian 
1 gs tae od 


302 
XCz*) = t+ 2% 4 (zt? + Cet)? + Cee) + fI- ERIC 


Ya") = gR (eV [1 + Bet + Lor + [4 B- Bente. | 


If we assume that the boundary conditions on continuity of 
HG Ceheleien ale) chen 7A tS z" have been satisfied by adjusting the 
parameters of the solution to the induction equation in 
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van a4 can only be satisfied by adjusting Ry and R LAR 
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Steenbeck, Krause, and Radler (1966) have estimated 
the value of a when a gradient of turbulent intensity is 


present in a system rotating with angular velocity 2. 


_ wre 


X aC) Ayu (5.57) 
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We shall use this estimate as a Pouchsaide, despite the 
objections raised by Lerche (1972e) to the turbulence 
spectrum tensor used by Steenbeck, Krause and Radler. In 
(S57 eeu eS Cher CUuLrDULents 1 ncenSLcy > da the correlation 
length of the turbulence, and ts the correlation time. 


For the case of the Earth we may write, very 
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ignoring the departure from spherical symmetry introduced 
by the presence of a preferred axis. Also, from (5.26) and 
C2) bp 
R(z*) = c1Ghal eae it (5.59) 
a 
Combining (50 1) “wo. 9)) ang dpplying the condition (5.55), 


we obtain 


‘ 2 
R,- {2%}? ~ ag) t.0.L ~ O(1) (5.60) 
or 
4 
wdr.t2 ~ A/a (5.61) 
POG CUGCe habbo, eis eo m-/sec Ani pst a) ax VOne rad/ 
sec . Substituting these values into (5.61), we have 
' Yy 2 2 y) 
UWA TE? ~ 4x 10 m*/cec'2 (5.62) 


assWcakieyen (hi Tak Ome m/sec as a reasonable estimate of the 
velocity near the surface of the core (Hlsasser, 1950; 
Busse, 1971; Roberts andsSoward, 1972), we find that the 


condition (5.62) reduces to 


het“ ~ 4x 10% m-sec% (5.63) 


In order to determine whether or not (5.63) can be 


satisfied in the Earth's fluid core, we must estimate 
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the values of Xo and To appropriate to turbulence near 
the core~mantle interface. We must also decide whether or 
not 10-3 m/sec is a reasonable estimate for turbulent 

velocities in this region. In this connection, it may be 


noted that Steenbeck and Krause (1966) use the values 
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for a general distribution of turbulence in the Earth's 


core. These values give 


TOcdmceececaceec Bere 2 Ae oer 
a range which includes the value 4 x 10° m-sec 1/2 
required by (5.62). On the other hand, if Toes m/sec 


is accepted as a reasonable value for u' near the core- 
mantle interface, (5.63) implies that sh and 15 are 
related in the manner outlined in Table 16. 
Turbulence near the outer boundary of the Earth's 
fluid core might well be associated with "bumps" on the 
Hide, 1967 ; 


core-mantle interface (Hide and Horat, 1968; Hide, 1969a; 


Hide and Malin, 1970, 1971a,b,c), estimated to have 


horizontal dimensions w10> m and vertical dimensions v10° m 


(Hide, 1969a; see Acheson and Hide, 1973). It may be seen 


from Table 16 that values of re in the range Mops m , 


corresponding to the estimated vertical dimensions of the 
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5. 345 SObJections touthe aon) model for geomagnetic 


reversals 


The kinematic a (Gah dynamo model in a spherical 
shell, described in the last few sections, is not intended 
as a serious explanation of how polarity reversals occur in 
the geodynamo. Several important objections to the model 


Can be raised. 


a. The character of reversals in the model is considera- 
bly different from the irregular nature of geomagnetic 
reversals. The "geomagnetic reversal frequency" 
plotted in Figure 22 is really an average quantity. 

The durations of geomagnetic polarity intervals fluc- 
tuate widely about the mean. Furthermore, the 
transttton time for a geomagnetic reversal is generally 
much shorter than the time between reversals (see 


SECELOI LO lic 


b. The effects of rotatton have been ignored. It is 
expected that in the Earth's core a will depend on 
GO Masswellasvone te.) ASsindicatedyin (5.57)%,.) a 
will be proportional to cos 6 if the gradient of 
turbulent intensity is radial and the axis of rotation 


is taken as the z-axis. 


c. It is perhaps unrealistic to assume that the external 
dipole field of the geodynamo is due principally to 


turbulent motions near the core-mantle interface. 
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ad. No attempt has been made to include hydromagnetic 


effeets in the model. 


It must be emphasized that objection (d) applies to 
any kinematic model for geomagnetic reversals. If no 
stringent restrictions are placed on the form of the 
velocity field, reversals can be made to occur in many 
different ways - Levy's model provides one example, the 
present model another. Unless the hydromagnetie dynamo 
equattons are considered, no firm conclusions can be drawn 
about the validity of any given model. 

We may note, however, that the idea of boundary-layer 
control of the temporal behaviour of the geomagnetic field 
is worthy of closer investigation. This subject will be 
considered in greater detail in the remainder of this 


chapter. 
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5.4 Integral properties of the kinematic dynamo equations 


Sati il Vilbehspelelelb(eh cateye' 


One of the most useful approaches to the study of 
reversals and other temporal variations of the geomagnetic 
field has been the homopolar disk dynamo analogy proposed 
by Bullard (1955). In this model, the problems of boundary 
conditions and fluid motions are set aside on the assumption 
that the feature of the hydromagnette dynamo most relevant 
to the temporal behaviour of the magnetic field is the 
nonlineartty of the interaction between the driving forces 
and the magnetic field. 

Although a single disk dynamo of the type studied by 
Bullard (1955) does not exhibit reversals (but see Malkue, 
1972¢c), the magnetic field of a system of two or more 
coupled ai ak dynamos reverses and oscillates in an irregular 
Manner remarkably similar to the observed behaviour of the 
geomagnetic dipole field (Rikttake, 1958; Lowes, 1960; 
bebovits, 1960; Allan, 1962; Mathews and Gardner, 1963; 
SOMECTULALG wel UO/ OUT TOL) LGUs mCOOK ANU HODEYTS . 07.05 
COCK wml Le Se BULLard and GUDDINS, 8109/1, Oto MOLKWeE, J1o/7cy. 
The principal advantage of studying a system of this type 
is its mathematical simplicity. The dynamo equations are 
replaced by a finite system of coupled ordinary differen- 
tial equations, with time as the independent variable. It 


would clearly be very useful if the hydromagnetic 
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dynamo equations could be reduced to a system of this type. 

Lorenz (1960, 1962) has proposed methods of reducing 
a system of coupled partial differential equations to a set 
of equations of the dtsk dynamo type, but his approach is 
not readily applicable to the hydromagnetic dynamo problem. 
It would appear to be more useful to examine the tntegral 
properttes of the dynamo equations, particularly as the 
quantities of interest, such as the magnetic dipole moment 
of a current distribution, are themselves integral quan- 
tities. Some progress in this direction has been made by 
Runeorn (1955) and Backus (1958). 

In the remainder of this chapter, we shall consider 
the integral properties of the kinematic dynamo equations. 
Consideration of hydromagnetic effects will be deferred 


until Chapter 6. 


5 aA m2 Multipole Leprecencamonweon Uiesextemnal fields 


The electric and magnetic fields in a non-conducting 
medium surrounding a conductor can be represented in terms 
of the electric and magnette multtpole moments of the charge 
and. current distributions, in the’ conducting medium. if the 


gauge 
div A = O (5.64) 


is used in the quast-steady approxtmatton, where A is the 
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vector potential defined in (1.58), these multipole expan- 


sions can be written in the form 


= a > or mY Mot 
+ AGE wet Q wv, (y r) be ae. 
m= 
aA 
B= yor co" TO. 7 Pe) (5.66) 
where 
CEO es ( Or™ do (5.67) 
v 
and 
qm) — m : m-! 
To 2 = [crxjye ola (5.68) 


* (m) 


are the electric and magnetic 2" _vole moments, and T 
denotes ar (™) pat - Lin 5 46/7), and (5.68), the integration 
is taken over the volume of the charge and current distri- 


bution. In (5.65)-(5.68) we have used the notation 
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and eurrent denstttes defined in sectton 1.3.1. 


Seas Magnetic and electric multipole moments - 
representation in terms of the internal magnetic and 
velocity fields 


From equations (1.4) and (1.6) we have 
8 =e€éy-E (5247 1) 
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Equation (5.75) can be further simplified by making use of 
the no-slip condition [n x u] = 0 on the boundary of V 


(see section 1.7.2) to’ obtain 
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Equation (5.76) expresses the electric multipole moment 


(m) 


tensor Q inetermseor ethesiicldcelus andgehs rather 
than their derivatives. 

In Appendix 2 a similar representation is derived 
for the magnetic multipole tensor, expressing p (M) in 
terms of B rather than in terms of Bl - When the conduc- 
ting volume V is spherical, the expressions for the first 


few magnetic multipole moments become 
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For example, the expression for the sedectmupole moment 
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will contain terms involving 


temeor (Winen, 1967a) T 
the quadrupole moment tensor , and the expression for 
the duotrigintupole moment tensor (Wineh, 1967b) p>) will 
contain terms involving the dipole and octupole moment 


2 (1) (3) 


tensors and T 


5.4.4 Temporal behaviour of the external magnetic dipole 


moment 


The problem of the temporal variation of the external 
magnetic field of a current distribution may now be studied 
with the aid of equations (5.76)-(5.79). Taking the time 
derivative of equation (5.77), and making use of the 
magnetic induction equation (1.16') and the boundary condi- 


tion a7=—0 “on S (eee seerion 1.7.2), we Obtain 
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or 


TO = BL [vBde = - Wn{nxj as (5.80) 


From (5.80) we see that the rate of change of the 
Magnetic dipole moment depends only on the dissipation term 
nV7B in the induction equation, and thus has no direct link 
with either the velocity field wu or the external potential 


field Beem iPlerent lating again witherescpectatOucime, ewe 
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The second time derivative of the magnetic dipole moment is 
thus directly linked to both the dissipative and the re- 


generative terms in the induction equation. 
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The three integrals on the right hand side of equation 


(5.82) can be estimated as follows: 
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where By is the average magnitude of the magnetic flux 
density in V, ae the average magnitude of the flux 
density on S , and L a length scale defined in such a 
way as to make BE/L the average value of |v7B| ‘TTls oe Viee 
Ly is the radius of the spherical volume V , 6 the 
thickness of the boundary layer on S (assuming that one 
exists), and Uy the average change in velocity across the 
boundary layer. 


Comparing terms in (5.83)-(5.83"), we have 
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Substituting these values into (5.84), we obtain 
Ym S$ {3x 10? m/sec } S754 (5.88) 
From equations (5.84') and (5.88) we see that if 
YW « 4 (5.89) 
and 8/14 <«K i 3x io! sec/m3 } (5.90) 


the dominant term in (5.81) will be the one involving 


Vu . Under these conditions we may write, approximately, 


TO x at Cijm Ewgh [ Be V'ug dS (5.91) 
s 


When equation (5.91) is valid, the temporal behaviour of 
the geomagnetic dipole moment is "controlled" by the 
velocity distribution in the boundary layer. 

In deriving equation (5.91) we have ignored the 
possibility of turbulence near the core-mantle boundary. 
If turbulence is present an appropriate "mean field" 
equation is obtained from equation (5.81) by writing B in 
Placefof eer aeandeaiuex Bat PRT than jaillteles cele Eh os 12) 
on the right hand side. Assuming for simplicity that 
DY = aB , giving an a-effecet, we find that equation 


(5.91) must be replaced by 


1) fs a { { (n-B) veui - (n.7?a) Bi (5.92) 
S$ — 
+ Cijke Cv2a) nj; Br } dS 


ale oo Cty ok iho ee 
| aay ae ‘ a ie 
(88, 2) | “ee 


1k tedd 908 o (68.2) “brs een is ; 
(2842), pag 'e aes ae on 
(08.2) | 5 a HX ” “et 


pniviovat sao edt ed Ifiw (18.8) at nied ers 


cached ip deans Vee aw anolstiaoe aectts <ehee . 
43 Wao cat ail] 


(10,2) ah quis “Ayn ginal’ Pg eer ey f 


n ev\ 46 eam 
to mwolvated Isxognes ods ,biisv alt (re. ay aoltsope, § 


eds yd “bet donsaoe™ ak tnomom efoqib oL2enpamosp 


,» weVens OF. 
2oyel boayod ed? ak noksudiztetb y3 . 
ly is - , sisdiet | 


oft boxronph evad ow ([°.2) soljsups paivizeb at sane 
y= (.iDe a 


. yxsbaued eljnam-sto0o edt tsen sorteludust 20 YIiLidiaeeg - | 
"Hlet? asem" ejaivaciqgas as tnsesxq at conn ruc Eom 

nt @ ynitive yd (18.2) nolssupe aout Benieddo at nokteups 

@xy Yosvsiqat ("Ex + a x g} bas a Ae sc Ve 


tact ysioliqmie 10? enimueeA .obte baad is oda Te 


nok3supe tedt bait ow ,soetie-o a8 patvip , Bo = | 
xd besosigqez Ag ae % ; 


(2 .2) FGrv-g)- be (G- oi] get 
wad in eve su + y , 


j 
2 


, : “ng ie : 
; : : hit, oe ri i 
ee ee een 


oe 


if we make the additional assumption that the term 


involving 736 makes a contribution of the same order of 


magnitude as that involving va : 


5.4.6 Simplification of notation 


For simplicity in writing complicated expressions, 


we shall make use of the notation 


9a, = Vaxa, (5.93) 
LA) 1 Re: PE Pe (5.94) 
NM = Mele = fr ao ey 


We shall also make use of several theorems proved in 


Appendix 2. In ‘par~acular, 
et bee Cm+t) \ 
n-Y{2a,--- Gant} a a 18a, Sama | (5.96) 


See section A.2.3 for further details. 


5.4.7 The "boundary-layer control" approximation 


As it stands, equation (5.92) is not particularly 


(1) 


useful, since it involves both T and B . However, 


re 


since B is continuous across the boundary S (see sectton 
~o 


1.7.1), we may replace B in (5.92) With the multipole 
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expansion (5.66). Making this substitution and applying 


equation (5.96), we obtain 


C1 3 = 7) pl m 
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Writing out the first few terms of (5.97) in detail, we 


have 
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A further reduction is obtained if the usual boundary layer 
approxtmatton for fluid motions in a sphere is made. In 
this approximation, tangential derivatives of u are 
neglected in comparison with radial derivatives, and only 
the highest-order radial derivatives are retained, to first 
order.. In addition, the component of velocity normal to 
the boundary is neglected in comparison with the tangential 


components. Thus, 


a 2 
vu x 1p 2 Uo + tg Sa Ug (5.100) 
2 
va x 2 ol (5.101) 


or? 


and equation (5.99) becomes 
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Equation (5.102) will be referred to as the boundary- 
Layer control approximatton. The validity of this approxi- 
mation depends on a number of assumptions, which will be 


summarized here for convenience. 


a) YL « 1 (5.89) 
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The notation used in (5.89) and (5.90) is defined above 
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assumption appropriate to the Earth's fluid 


and z‘2) 


core, where are the integrals defined in 
(5583) mande(Sacouwiemelt may be noted that (5.89) 1s more or 
less equivalent to the assumptions leading to the boundary- 
fayVeCiaappDLOxtmacton yy (ou O00)m and mo 40 1)). 

Within the framework of the kinematic dynamo problem, 
the boundary-layer control approximation, (5.102), gives a 
second-order ordinary differential equation for p (1) 7p Wicd 
time as the independent variable. When the hydromagnetic 
dynamo problem is considered, the coefficients of this 
equation depend on p fl) and the complexity of the equation 


is increased. This problem will be considered in section 


Cmte. 
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5.5 The boundary-layer control approximation and the 
geodynamo 


5.5.1 Time-scale restrictions on boundary-layer control 
in the geodynamo 


A rough estimate of the characteristic time scale of 
dipole moment variations governed by the boundary-layer 
control approxtmatton may be obtained by scaling the terms 
in equation (5.102). When this is done, we find that the 


time scale tT is given by 


t~ { r08/n ue (5.103) 


For the case of the geodynamo, ry AP ot we 10° m , 


ta 3 m“/sec , and (5.103) becomes 
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From (5.103') we see that in order to get dipole 
moment variations in the geodynamo with a time scale of 
bay years, we must have 

2 2K+9 

87x, ~ {10 m- sec (5.104) 
Combining (5.104) with the assumption (5.90), we obtain a 
conststency condition for the boundary-layer control 


approximation in the geodynamo: 
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In the geodynamo, L , defined as the length scale 
needed to make BL Ais the "average value" (defined in an 
tntegral sense - see sectton &.4.5) of | vB | in the fluid 
core, is unlikely to be much larger than ro the core 

6 


radius. Taking Bad A 3 x 10° m as an upper bound on L in 


(5.105) , .we see that the limitation on «kK is 
K < 4 (5.106) 


The boundary-layer control approxtmation can therefore only 
be used to explain variations of the Earth's dipole moment 


: : 4 
which have a time scale shorter than 10 years. 


bet. 2) LempoOLrdl) Varrations Of (the Barthus magnetic dipole 
moment 


As may be seen from Table 13, the geomagnetic dipole 
moment varies on several time scales in the range T < ie 


For example, 


a) the dipole axis precesses, or "wobbles", around the 
axis of rotation in an irregular fashion, with a time 


scale of about ae years (see footnote [6], Table 13); 


b) energy is transferred from the dipole field to 
higher-order multipole fields with a time scale of 


abou wen se ie years (see footnote [4], Table 13); 


c) the rate at which energy is transferred from the 


dipole field to higher-order multipole fields varies 
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on a time scale of about 10° years (see footnote [5], 


Tip re ro) + 


dad) the direction and intensity of the dipole moment 


change on a time scale of nO etOe years during a 


polarity reversal (see footnotes [8], [9], 


Table 138). 


and [10], 


The "fundamental frequency" of dipole field strength 


oscillations corresponds to a period v107 years. Since 


this period is so close to the maximum value of 
allowed by (5.106), it seems unlikely that this 
can be explained in terms of the boundary-layer 
approximation. 

Of the variations listed above, only (a) 


can be discussed in terms of the boundary-layer 


T 
variation 


control 


and (d) 
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approximation, equation (5.102). In order to discuss 


variations (b) and (c), we would have to return 


(5.97), and retain higher-order multipole terms. 
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5.5.3 Detailed expansion of the approximate dipole moment 
equation 


Equation @57102) can be written in the form 
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Equation (5.107) may now be studied under various assump- 


tions about the symmetry of the velocity field. 


5.5.4 "Dipole wobble" 


Tf u, = 0 and u, and oa are axtally symmetric 
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(l.e. independent of ),sequationg(5.107) reduces to 


Tete i= farts} (isto) TS (5.122) 
Ty = {24} cis- ie) Tate (5.222%) 


Combining these two equations, and assuming that the time 
derivatives of uy and a are small enough to be neglec- 


ted, we obtain 
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Solutions to, equations (5.122) and (5.123) are of 


the form 
TE? = aet** cos Kt (5.124) 
Ti = aet* sin Kt (5.125) 
where 
K = Vata lis- i) (5.126) 


These solutions indicate that the dipole moment vector 
precesses, or "wobbles", about the axis of symmetry, which 
may be taken as the axis of rotation in the case of the 


geodynamo. In (5.126) 


T 2 

‘ o*u ; 

ls = Tr, sn sin? 8 dO Coo) 
T oa 

ig = wr, | os sin 8 cos 8 AO (5.128) 
° 


NOnzero scOnvcri butions =to )(5el2/) and, (5.128) varise from 


velocity components which satisfy 
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where the re are Legendre polynomials. 
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Combining (5.130) and (5.130'), and neglecting time 


derivatives of Uy and a, we obtain 


Paces 3 e ae 3 a . e 
x iat i, Tx? + (te Cinta ali 
Equations #(5213.0)1, 65 slbs.0u) yeand 165.1353) mmay 


solved for a F tha 7 land p(t) 


vA 
Te = Re fa, Culg4 ae cies} 
Te = Imfae* sa, okt} 


e Kt 


ue b, es: + b, 


(513 0) 


(Ses. 0a) 


Ubrrls Om) 


(Sol) 


(Sees 2) 


(5.133) 


now be 


(Geri ery) 


(Sig35) 


(@ ed3 OD) 


where the a, are complex constants, the Db, are real 
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so that K, emreo meres ty <0 , (5.136) must be replaced 


The solution, given in (5.036) ‘for 


with 
Tz = Re { beX* | (5.136') 


where b is complex. 

From equations (5.134)-(5-.136') we see that an 
axisymmetric meridional flow near the boundary of the 
Earth's fluid core can produce large changes in the geomag- 


netic dipole moment on the time scale 


T 7 Nirrsy/n (5.139) 


As in seetton 5.5.4, the presence of an axisymmetric 
a-effect can lead to "dipole wobble", but an a-effect of 


this type has no effect on the axial dipole moment. As 


(1) 


may be seen from (5.136'), the axial dipole moment TS 


can be made to "reverse", or even oscillate, if ts is 
negative. In contrast to the oscillatory reversals dis- 
cussed in sectton 5.3, reversals in the boundary-layer 


control model are governed by the properties of the mean 
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flow, u , vather than by the properties of the turbulence 
which gives rise to the a-effect. 
As pointed out in (5.129b), te is nonzero only if 


a satisfies 
Oo & Pyy,, Ccos 8) (5.140a) 


SIND Lala UN, eet is nonzero only if 


ad 
Ug & Ee Ccos 0) (5. 140b) 


where the Pa are Legendre polynomials. 


535.62 Limitations ’on «the boundary-layer control 
approximation in the geodynamo 


The principal limitation on the boundary-layer con- 
trol approximation in the geodynamo is the time-scale 
restrtctton discussed in sectton 5.5.1. However, other 
limitations must also be considered. 

The dipole moment solutions obtained in secttons 
5.5.4 and 5.5.5 depend on the assumption that the velocity 
distribution is independent of time. If this is not the 
case, the behaviour of the dipole moment with time, within 
the framework of the boundary-layer control approximation, 
will be considerably more complicated. This aspect of the 
dipole moment variation is outside the scope of the 


kinematic dynamo problem. In order to determine the time 
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dependence of the velocity field, we must consider the 
hydromagnette dynamo problem. (See Chapter 6.) 

As noted in section 6.5.2, equation (5.102) does not 
permit discussion of the transfer of energy from the dipole 
field to higher-order multipoles. This problem can only be 
studied if the higher-order terms in (5.97) are retained, 
and expressions for the time derivatives of the higher- 
order multipole moments are obtained from equations (5.77)- 
(5.79). Unfortunately, simplifications of the type 
encountered in the derivation of equation (5.102) are not 


common. The quadrupole and octupole moment tensors 2) 


and ¢'3) depend on the integral moments of the dissipative 


term in the induction equation, on the electric multipole 
moments, on the higher-order magnetic multipole moments, 


and so on. The integrals 


( (ux B) vr™ dw 
v 


which must be evaluated if the higher-order moments are to 
be studied, do not have a useful representation in terms of 
the external potential fields. These integrals can only be 
treated sensibly within the context of the hydromagnette 
dynamo problem. 

The most serious disadvantage of the boundary-layer 
CONCLOL appLOximatcionersethe Lacte that. dvestpavtve effecce 


are neglected. Although no attempt will be made here to 
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overcome this drawback, it may be possible to improve the 
approximation by including an estimate of the dissipative 
Lerma necwuatlone(o.o2). seluUncortunately, 1 1s ditfticult 
to see how the time dependence of the term could be 
included in such an estimate. 

Despite these limitations, we shall continue to use 
the boundary-layer control approximation in the next 
Chapter. SLE-iSs particularly encoltiraging that the dipole 
wobble appears to be well represented within the framework 
of the approximation. We shall consider this variation 


ino more detail in sectton 6. 6.4. 
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52.0 Summary of Chapters 15 


This chapter is concerned with temporal variations of 
astrophysical magnetic fields, with particular reference to 
the geomagnetic field. A summary of observational knowledge 
of the temporal behaviour of astrophysical fields is 
presented in section 5.1. 

The a” (r) kitnematte dynamo tn a sphertcal shell 
is studied in detail in sectzon 5.3. It is shown that 
regardless of the fluid motions in the deep interior of the 
sphere, it is possible to choose a turbulent velocity 
distribution near the outer boundary which makes the 
external magnetic dipole field vary with time in a periodic 
manner. The frequency of the dipole field oscillation is 
a sensitive function of the dependence of a on r_ at the 
boundary. Application of this model to the Earth is dis- 
cussed, and several serious shortcomings are pointed out. 

The idea of boundary-layer control of the external 
magnetic field of a spherical volume of conducting fluid is 
discussed for more general distributions of velocity in 
section 5.4. A set of expressions is presented which relate 
the multipole moments of a spherical distribution of 
currents to the integral moments of the internal magnetic 
field in a novel manner. These expressions are used to 
derive a differential equation for the external magnetic 


dipole moment as a function of time. 
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In section 5.5 it is shown that boundary-layer 
CcOontrol-—tn- the=geodynamo is only possible for field varia- 
tions with a time scale less than 10° years. It is also 
shown that dipole wobble and large variations of the axial 
dipole moment can be accounted for by certain distributions 
of velocity near the outer boundary of the Earth's fluid 
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6. MEAN FIELD ELECTRODYNAMICS AND THE HYDROMAGNETIC 
DYNAMO PROBLEM 


6.1 The hydromagnetic dynamo problem 


6.1.1 The dynamo equations 


As was pointed out in sectton 1.5, the hydromagnetic 
dynamo problem is concerned with the simultaneous solution 
of the electrodynamte and the hydrodynamic equations - 
usually in a rotating system. These equations are 
summarized in section 1.5.3. Rewriting them here for 


convenience, we have 
{ at —yv?} B= curl { ux B} (Sod 


v-{Pu =i {e) (6.2) 


F (6.3) 


= -Sy{p- P-Zv)e-u} -Qx(Qxr) - Mexe + 
+vivuryy-ul +2 {yP-vy +yu-vey+ 


vxB}xB + tF (623.1) 


+ 
eI 
ms 


where 
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2 
| 52 = P + B -Pp(s-2 )yv-u - +PlQxrl? (603") 
2h 
The magnetic ™flux density B is subject to the condition 
v:B =i {@) (6.4) 


At the boundary of the conducting fluid, which, in the case 


of the geodynamo is the core-mantle interface, 


u = O CGD) 
<B> = O (ne) 
<nxE> = O (6.7) 


In the conducting part of the solid mantle, the induction 


equation, (6.1), is replaced by the equation 


i 
2B/>_ = rie (6.8) 


[where On is the mantle conductivity], subject to the 
condition (6.4) and the boundary conditions (6.6) and (6.7). 


In the external nonconducting region, equation (6.8) 


reduces further to 
2a 
Vv B = O (6.9) 
subject to (6.4) and the condition 


IB|> OCr-3) a rere (6.10) 


where r is measured from within the conducting region. 
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6.1.2 The neglect of inertial terms 


In most studies of hydromagnetic planetary dynamos, 
the Navier-Stokes equation (6.3) is simplified by neglecting 
the first two terms on the left hand side (Htde, 1956, 
LOCC AS TAY LOY sl 0bos “Braginektt, 1064d, 1967b,)1970a,0, 

UOn Le MOLCKUG NI 90O, LOCO, bea the HOveErte. 19670. 19/103 
Htde and Stewartson, 1972; Moffatt, 1970b, 1972; Acheson 
and Hide, 1973). Comparing these terms to the Coriolis 


force term, 20 x u , we see that 


FY 
elevate a see fei) 
I2zQxul 20T 
cher gR Seated os 4 Co elaee 
i2OQxul 2Q.L 


where L and T are the length and time scales of the 
variation of u 
For the case of the Earth, we may follow Hide (1956) 


and assume that 


T~ 10? years ~ 3x 107 sec. (6.12) 
L~ 3x 10°m. (mie) 

—3 : W 
un~ lo” m/sec. (6.12") 
Q~ Txio> rad/sec. (6.12 ) 


[IN.B. (6.12") may be an overestimate for u - see, for 


example, Roberts and Soward, 1972.] Substituting these 
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values into (6.11) and (6.11'), we have 


i u —* 

YN 2 KIO 6.13 
2QT 2QL ! 
indicating that neglect of the inertial terms du/ot and 


us¥ug in (6.3) and (6.3') is a reasonable approximation in 


the geodynamo. 


6.1.3" The*viscoussboundary "layer approximation 


The ratio of the magnitudes of the viscous force term 


2: 
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(6.3) can be scaled as follows: 


2 
jo(v2u+ vy-u)| ig Dev 


(2Qxu| Tile vy 2 ie 
where ¢€ is an Ekman number. For the case of the Earth, 
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kinematic] viscosity v  .in,the,Earth's fluid core. is one of 
the most obscure parameters of the Earth. Estimates in the 
literature range from TOM, ie tecmaetO Bl Ome meseca lay see 


Hide, 1971b; Gans, 1972b). However, in recent years argu- 
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probable value of v. 

Gans (1972a) has calculated the value of vy at the 
boundary between the inner core and the outer core, 
assuming that this boundary is a melting transition, and 
using the Andrade hypothests. His calculations indicate 


that in this region 


1 if 


SME AOR Ayo dened eee Tes 100° msec” 


with a suggested typical value of 6x Ow mo cechaaecrre 


points out that if the temperature gradient in the outer 
core is very shallow, as suggested by Higgins and Kennedy 
(1971), the range of wv will be approximately the same 
throughout the outer core. If, on the other hand, a steeper 
temperature gradient is relevant, the value of vy in the 
body of the outer core will be lower than that at the inner 
core-outer core boundary. Gans' arguments are therefore 


summarized by the statement that 


v < 6x10’ msec? (6.15) 


in the outer core. 

Hide (1971b) has considered the value of vw at the 
core-mantle boundary. He argues that if "bumps" on the 
core-mantle interface strongly influence the flow in the 
core, as suggested by Hide and Malin (1970, 1971a,b,c), 
their height must exceed the viscous boundary layer thick- 


ness by a certain factor. Using the estimate for the height 
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of these "bumps" provided by Hide and Horat (1968), he finds 
that the effecttve kinematic vtscosity (eddy plus molecular) 


at the core-mantle interface must satisfy 
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It may be noted that seismic evidence indicates that 
compressional waves traverse the core without suffering 

appreciable attenuation (Rochester, 1970). This result has 


any AT in the outer 


led to the estimate that v %v iba m 
core. Gans (1972b) has put forward the interesting specu- 
lation that a highly viscous region 5-10 km thick at the 


eeece. , would allow 


core-mantle interface, with v %v iy" m 

the seismic result to be reproduced without upsetting the 

requirement that wv be very small in the body of the core. 
If we accept Gans’ estimate (6.15) for the kinematic 


viscosity in the body of the Earth's fluid core, we see 


from (6644) that 
E < 5x 10° (aeste) 


Viscous forces will thus be negligible in the main body of 
the core, and the flow can be considered tnvtiscitd. However, 
since neglect of the viscous terms implies a lowering of 
the order of the Navier-Stokes equation (6.3), we can only 
satisfy the boundary condition (6.5) by assuming the 
existence of a viscous boundary layer at the surface of the 


core. 
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In the viscous boundary layer approxtmatton, we may 


write 
u= ut + uP (6.17) 
B= B+ BP (6.18) 


for the velocity and magnetic fields in the core. Here 
(dae B’) are the fields in the main body of the core, 
satisfying the tnvisetd equations, and (ogh B?) are fields 


which adjust u and B to satisfy the boundary conditions 


at the core-mantle interface. 


6.1.4 The approximate dynamo equations 


If density gradients and temporal variations of the 


angular velocity 2 are neglected in (6.3), the equations 


for the fields Cie? B’) become 


1% -nv7}B° = curl fu‘x By (6.19) 

V-ut= oO (6.20) 

tue eee VP Ry Boe (6.21) 
ze) i Pp ~ ct: a fi~ 

5 aks 5 ite B‘)x B* als, roe! 

i oi Pees Pe ea re ih (6.21°) 

= = its + F - vpi} (ome 3) 


al 
where F, denotes the Lorentz force ay xX B)x B , and 
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R= p- $PlaQxrl’ (6.22) 


The boundary layer fields (u,B ) must satisfy 


the equations 


tly, b 
OByat = 19 B%5,2 + By2¥/on - un2BYan ese) 
V-u® = Oo (6.24) 
2Q«uP = a Sfx BP xB + Ve 7on2 (6.25) 


v*B? x 3*B/5 2 (ono) 

Veub = O7u/>2 (6.26') 
yxfuxB-uixB‘} x By Yon — un®B"/an (6.26") 
In equations §(6.23)—(6226.), nm is a coordinate normal to 


the boundary and directed into the fluid. The components 


BL and u, are given by 


Bh = B-in (6.27) 
U, = u-f, (Oven 
We have also made the assumption that oe P B™ F = , and 


Py do not vary significantly across the boundary layer. 
In equations (6.21) and (6.25) we have neglected 


the inertial terms, as discussed in section 6.1.2. The 
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viscous force terms, discussed in sectton 6.1.3, have been 
neglected in equation (6.21). However, these terms are 
retained in equation (6.25), as is necessary in a boundary 
Layer approxtmatton. Equations (6.19)-(6.21") are 
frequently referred to as the equations of the magneto- 


geostrophte approximation (see sectton 1.9.1). 


. iol - TD t io 
one eekiT aay: 


dt ee 


need pe \eut. ay anaes 
9x6 amie3 seodkt xovewol es 
grabaaaee 5) nil yisadeden ois 
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6, Zon Solution/ofythe approximate Navier-Stokes equation wg 
a sphere 


6.2.1 Preliminary manipulation 


Taking the vector cross product of Q with equation 
(65217"); and introducing a cylindrical system of coordinates 
[®,¢,z2] with the z-axis directed along the axis of 


rotation, we obtain 


° { ® A 
Pui = {Cea + E)x ds = vp x tet + Pu,l, (6.28) 
where 
42 = Qo; (6.29) 


Taking the divergence of (6.28), and applying the equation 


of mass conservation, (6.2), we have 


2 a ee t 6.30 

#{PuL} = ren {CFat+ F) x42} (6.30) 
The z-component of equation (6.21") is 

2 Pp = (Fo+F)-4, (6.31) 


Integrating equations (6.30) and (6.31) with respect to zd _, 


we obtain 


‘ ; z : 
Pus = (Pui, - oa [ E{CE +E) xte}ee (6.32) 
2b 
eee 
pi = (pd, + | CEa+E)-4, dz (6.33) 
2p 
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In equations (6.732) and” (6.33) ;"the™quantities 


(Pus), = ful { o, cs) > Zp(@, py} (6.34) 
(Pp = Pleo, (a, 9) } (6.34') 
are boundary values of put and Py: (pu), must be 


determined by boundary layer analysis. In all these 
equations, Zh represents the value of z on the boundary 


for a particular pair of values (0,6) 


6.2.2 Boundary layer analysis 


The boundary-layer equations (6.23)-(6.25) will 


have a consistent solution if 


IB Y,1/pe = (4) (6.35) 

IBEI/B® = @C%) = oe) Peon 

iBhi/e® = O€8%7) = oc~E) (6.35") 
and 

[Gaeypl usm 2 OC) Gate 

Cu), 1fue = OC%) = Oe”) (6.36") 

lugi/u, = OCt) (6.36") 


ju 4/ U, = OC.) = ocEe'?) (6.36!) 
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(2£.3) (2)® eS | 
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(*26.9) (3)® = (u84)o. 


(a€.2) 
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where 6 


is the thickness of the boundary layer and L is 

the length scale of variation of the "main flow" fields 
(ul, By) In these equations, Bee is the average 
magnitude of the magnetic flux density on the boundary 
Surface, oSe, tand uy is the average magnitude of the 
tangential component of ut on S.. The parentheses  ( das 
denote the boundary value of a "main flow" quantity such 
as ut or Bt , While the subscripts "n" and "t" denote 
the normal and tangenttal components of vectors near the 
boundary. The tangential components of wu and B are 
defined as follows: 

Uy 3 u- Unity (6s87) 

Bi = B - Bn in Gare?) 


If (6.35)-(6.36 ) are valid, and the boundary of the 
conducting volume is spherical, we may take components of 
the equations (6.23)-(6.25) in spherical polar coordinates 


6/L ) 


Inyo, ol tolObtaln. (LoOszero order 17) 


{2PAcos 8} us = a6 po Be + py Zu (6.38) 
-{2PX cosO fuk = ar (Bn), Sa Bo + Py 2 ul, (6.39) 
= Be = -po(B,), 2 ub (6.40) 

oe By = -Mo (Buy Sn UG (6.41) 
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Equations (6.40) and (6.41) may be integrated, 


subject to the condition 


ee, ef ae as N-> @ (6.42) 
Carrying out the integration, we have 

2 Be = -yo(Bi,), us (6.43) 

2 By = -4o(Bi), us (6.44) 


Substituting (6.43) and (6.44) into equations (6.38) and 


(6.39), and combining the equations, we obtain 


20. 2 {3S (Bi), - icos 0} (us + i us) (6.45) 


Equation (6.45) has the solution 
pa (6.46) 


(ug+ius) = ~(u,+ius), 


satisfying the no-slip condition at the core-mantle inter- 


face, where 


= |22 fc by? _ > 
v= = eres y icos O} Rex>O (6.47) 
Writing 

S= Rev + i Gmr 


we obtain the expressions 
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uz = -{ (ui), cos (ngmy) + (ug), Sin (ndmv)} he (6.48) 
US = -{ (ug), Cos Cndm y) ~ Cus), sian Gmuyyerr® CoOL 4eey 
BS = oo (B26 | Cu4)e cos(n fm yx) + (6.49) 
+ (us dp sin (n div) iach 
» _ oT re t ' 
By = ey CBr de [cud cos(n Imy) + (6.49') 


— (ub), sin(ndmy) } ens 


for the tangential components of the boundary-layer fields 


(a, p>) . The normal components of these fields are still 


to be determined. 


From the incompressibility condition (6.24), 


2uk = —~y.ub (6.50) 


oe 


Integrating this equation with respect to n , and making 


use ofthe condition (6.42), we obtain 
. @ 
Up,lo) = { cy ue) dn (6.51) 
° 


Prom, Gquation, (6.51) and the condition, that UL, must 


vanish on the boundary, it follows that 
’ B b 
Cun)p = - | (y-uz)dn = -V- ( us dn (6,52) 
° 


Substituting (6.46) into equation (6.52), we have 


347 


(8.3) 


ai a Pes inated div fond ne PO =i re > 
7 ? 7 

(@b.2) | + iret he ee 

Pr {umbed nia algu? + * : 

l ee f . 

(*@b.2) set nenitinl 8 + = : 

rn i Combe) rive (du "a 

ea 

a 


ebieit xoyal-yrsbarrod eft to atnsnogmos Ssisnepnss efit: 102 


_ iitsea exe abiatt ees? 20 etnenoqmo> Exarson ig ee ra (nt 
bodteteted os 


.(b8.2) mobtibaom ytilidteserqnocat sft moxt 
(02.9) 4 = = ts Sy 


paixem bas . 2 09 soeqest dtiw aolssups elds potdsxpezal 
nistdo ow ,(£b.a) moksibnos sft 20 seu- 


(£2.28) | . ne Goa | I 


jeum 4 «Jed notstbhnos edd Bas (12.3) nokssups moxt 
set awolLot 3k ,yrebavod edd no deinsy 


: 

(S@.9) rb ty | v- = nb (Suey) | - = (cy) 
7 Lae 2, cLegae: San . 

sved ow ,(S2.2) eope 74 (ab.3) eatsusisadt 


¥i 7 


348 


(ue = Y- | 4p Re [cui,+ ius), | er" dn) + 


[+ 


+ ty Jm [cus +ius), few an] | 


= ee [cut), Ke x + (us), Ine | (ceo) 


+ 4g ae [cud), Re x = (uy), dm x] } 


Therefore, from equations (6.53) and (6.28) the boundary 


value of pus is given by 
(Pub), = to {Cope — CFE+ Ep fedy tan + (6.54) 
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Oele3 sie cull sOLUCIOnN Of the approximate Navier-Stokes 
equation 


We are now in a position to obtain a complete 
solution to the magnetogeostrophic equation (6.21"), correct 
to first order in the boundary layer parameters. 

Substituting (6.32) and (6.54) into equation (6.28), we 


obtain 
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It should be noted that equation (6.55) is a 
recursive definition of ut , Since ut appears on both 
sides of the equation. However, the terms involving uw on 
the right hand side are of order [6/L] . The boundary 


layer thickness, 6 , is given by 


8 ~ Ivl' ~ Sf ay + costo | * (6.58) 


For the Earth's fluid core, we may take 
o ~~ 3x 10° mho/m (6.59) 

(see, forvexample, Gardiner and’ Stacey, 1971), 
ewe gy 10° kg/m> (6.60) 
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(BY), Mevsocr Sf shy sqtere (6.61) 


(see Taple 2J.5 oubstituting these values into (6.58), along 
Wich Chet Verte cpet Cyc EO sec + , we obtain a range of 
values for the boundary layer thickness as @ varies from 


Ome O wal 72a 


83 {v(msec') £ Sim) £ 370{V (6.62) 


It should be noted that the upper limit on 6 , obtained by 
setting’ 80 =" 71/2 Leinaequation (6258),7 si only valid. if 
(Bt), does not become small at this value of 6. If, on 
the other hand, the external magnetic field is an axial 
dipole, (Bt), CuCOS Peatandt 6 «2.e) aS 00. 2en/Z2 s.,4n the 
first-order boundary layer approximation. 

If the Gans (1972a) estimate of the kinematic 
viscosity in the Earth's fluid core is used (see equation 


6.15) (6.62)*becomées 
G-4 em. ¢ 8 < 28 cm. (6.62') 


If, on the otnhewm Ward, the Aide ~l971b) estimate of the 
effective kinematic viscosity near the core-mantle interface 


is susead (gee equctton C116’), (6.62) gives 


830m. <£ 8 < 3700m. (6.62") 


In both cases, 6 << L when LW% ly a Yi eps 10° m , as 


expected. 
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6.3 Temporal behaviour of the external magnetic dipole 


moment 


6.3.1 The boundary-layer control” approximation 


We are now in a position to examine the boundary- 
Layer control equation (5.102) within the framework of the 
hydromagnetic dynamo problem. To first order in [6/L] , 


equations (6.45)-(6.47) give 
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~ x 4, g- tan® 64 
2PQ rt ape } (6.64) 
where 
= ip 6.68 
J [Fe+F -vpd, (6.65) 
Combining equations (6.63) and (6.64), we obtain 
an expression for (Vu) ) in terms of the boundary 


distributions of forces and magnetic fields. 
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From the multipole expansion (5.66) of B (on the 


boundary of the conducting volume, and condition (6.35), 
cH) ‘as a) 


Substituting (6.66) and (6.67) into the boundary-layer 


eontrol equation (5.102), with a= 0, we obtain 
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In the geodynamo, 
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As may be seen from Table 2, the toroidal magnetic 
field at the core-mantle interface is expected to be much 
smaller than the poloidal field. Within the framework of 
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where be 107 T is the magnitude of the field deep in 
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the core. (6.79') may well be an overestimate, as it seems 
unlikely that the toroidal field increases linearly from its 


value at the core-mantle interface to its value deep in the 
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The forces denoted by F 


Fother i equations (6.69)- 


(6.72) can only be estimated in specific models. We shall 
include the precesstonal force term defined in (1.68) as an 
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We may now consider the effects of the ®#-component 
of the boundary force distribution in the geodynamo on the 


temporal behaviour of the magnetic dipole moment. Ignoring 
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as may be seen from detailed evaluation of the integrals, 


bearing in mind that 
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The nonlinear terms in (6.98) and (6.98') have been 
obtained by evaluating the second integral in (6.97) and 
(6.97). It can be shown that the precesstonal force term 
¥AN(G+92) (doespnot contribute to this integral, so that 
(6.95) is once again valid. As for the linear terms, the 
Lorentz force contribution has been ignored, subject to the 
assumption (6.96). 
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viscosity at the core-mantle interface, the values (6.82), 


and the estimate 
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However, this requirement is in direct contradiction to 
assumption (6.96). Thus there is no possibility of 
accounting for temporal variations of the geomagnetic 
dipole moment on scales v10° years in terms of radial 
forces alone unless the Lorentz force terms are tneluded tn 
equatton (6.95). 

The Lorentz force terms in equation (6.95) can only 
be evaluated if the spatial behaviour of the internal 
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the boundary layer control approxtmatton, and link the time 
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boundary-layer control approxtmatton. 


6.3.4 Azimuthal forces, dipole wobble, and reversals 


We shall now consider the effects of the ¢-component 
of the boundary force distribution in the geodynamo on the 
temporal behaviour of the magnetic dipole moment. Ignoring 
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so that { (Ep) gty makes no contribution to the integrals in 
equation (6.102), then the azimuthal Lorentz force term may 
be neglected in (6.103), and the "closed" boundary layer 
aperoctmaction LS valid. 
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When the nonlinear terms are neglected in (6.106) 
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t { 
where A, and A, are real constants, and 


X= [ISr1/25 (oan 2) 


Leech ey sna (OeL lia) eande (Onli neetrom (6). 10) swe 
have retained only those terms which represent precesston 
of the equatorial dipole moment with angular frequency Q' , 
and eastward drift with angular freguency y'. (It should be 
noted that in (6.110) we have assumed that  < 0 , as is 
the case in the geodynamo.) From equation (6.112), the 


period of eastward drift is given by 


Teg = 27/y' = an 2¥/n 1A (6.113) 


SUBSE LEUGLho the estimates eioasej and (6.6100)anto1(6. 13) 


we obtain the period 


Ted. ™ (3-8 * to’) Iv (m2 seety year's (Gul deee) 


for the geodynamo. 
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Although the geomagnetic dipole axis has apparently 
drifted in a westward direction since 1700 A.D. (Kawat and 
Htrooka, 1967), prior to 1600 A.D. the drift was apparently 
eastward (Kawat and Htrooka, 1967; Marton, 1970). Several 
estimates have been made of the period of this eastward 
drift. For example, Kawat and Hirooka (1967) obtain the 


period T ~ 1500 years, while Marton (1970) obtains 


Che 


yt VEreO0 “years Wtrudovkin and Valuyeva M9677 1972), 


e.d. 
using an eccentric dipole model with an elliptical drift 
trajectory, obtain the period T ~ 1200 years (it would be 
inappropriate to refer to this model as one of "eastward 
drift"). Substituting these estimates into (6.113'), we 


obtain estimates of the kinematic viscosity at the core- 


mantle interface. 


T = 1200 years = We vs 0 mayeec (6.214) 
Tt. 3.1500 vears = Nb ey SNS m*/sec (Gieie at) 
T = 1800 years + v %~ 2.3 m*/sec (6.114") 


These values are consistent with the estimate of Hide 

(197 ib) ‘chat the kinematic. viscosity at the core-mantle 
Liberkace 1s. < iL neeec . From (6.62) we see that the 
estimates of Vo "given in (6.114)—(60114") amply that> the 
boundary layer thickness at the core-mantle interface lies 


in, the range J00;mo< 6 )< GOUl mM, ) Giving good agreement with 


Hide™s*éestimate”™ > 6” sel1’km 
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In obtaining equations’ (6.111) and (6.111) from 
equation (6.110), we have ignored the terms which lead to 
westward drift with the angular frequency y' . However, 
these terms may well be important for explaining the 
observed behaviour of the geomagnetic dipole. The data 
presented by Kawai and Htrooka (1967) appear to indicate 
that the amplitude of the equatorial dipole increases 
during periods of westward drift. It may be seen from 
equation (6.110) that westward drift with angular frequency 
y' is associated with growing solutions, whereas eastward 
drift is associated with decaying solutions. A combination 
of the two types of solution might well account for the 
behaviour described by Kawai and Htrooka. 

Westward drtft also arises from the second group of 
terms in (6.111) and (6.111'). These terms are associated 
with the precesston of the Earth's axis of rotation at the 


angular frequency ' , corresponding to a period 


Ts ~ 25,800 years Giese) 


(Matkus, 1971a). In order to ensure that these terms do 


not dominate the terms described in the last paragraph, we 


must require that 


QO’ sinX ay) 
qQad'sinX TEI 


pani Si et Mn ——1— ~ tanfil5°} ~ 0.2 (GAT 6) 
205, {O44 404 Ne 


Ors enaking Use Ommonemvales (6.02) 70. (6005)i7 (6.50) 7 Woe boo) 


ance OmLOON, Aang seneavaLlue OL | VY) Givenlin (6.114), 
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Thus nearly all the precessional torque on the core fluid 
at the core-mantle interface must be balanced. It is 
interesting to note that if the value of ft used by 
Maltkus (1971a) for the flow in the main body of the core 
(fc = 4) is used in place of Ch in (6.116), the inequality 
can only be satisfied if v >> 7x oe ieee 

The effect of the nonlinear terms in (6.106) and 
(6.106') can be assessed fairly simply if the dipole moment 
is predominantly axial. Under these circumstances, the 


(1) (1) 


magnitude of lh is approximately independent of TY 


and a ] itor ll6ahats valid, only the first nonlinear 
term in each equation need be considered. The effect of 
these terms will be to introduce a long-period modulation 
im tne Solution given din’ (67110) “The péeriodvofethis 
modulation can be estimated as 


Toa * WZ wf rly} }* (260 a 


~ 8x 10% sec. ~ 3x 10° years Coma 


There will also be growth and/or decay on this time scale. 
If the dipole moment is predominantly axial, 
(a) 


equation (6.106"), which describes the behaviour of Ts ; 


may be rewritten approximately as 
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Carrying out the first integration, we obtain 


(wy ~ {Tey +p{ [re]*- ETE } (6.119) 


indicating that the axial dipole moment varies on time 


scales of the order 
[Py ~ 5 PO v C4ur3)? 
tt ~ 
ma l2 ea 4ulQ 


moar st to PQMY 
IBal (x21 


~ 1-3.x 10" seconds ~ 4% 10” years (ein) 


As may be seen from Table 13, the time scale given in 
(6.120) is similar to that characterizing the behaviour of 
the axial dipole moment during a reversal. 

If, on the other hand, the axial dipole moment is 


small compared with the equatorial dipole moment, equation 


(6.106") is approximately linear in Te The solution to 
the equation will be of the form 
Te a, e*/e, + a et, Gol 
where 
i= ae ~ (Bhl7' T- year (Gules) 


368 


BoE 


(811.2) 


("BL£.a) 


nigtdo ow .noid¢srpesnk Jextt ods $0 patyx389 


(@£f.2) { er] -*Ter] tet = ttt -*{ cul ae 


emi3 ao eeixev dasmom sloqkh [sixes edz tads paiseoibat 
asb1o edz to esisos 


‘Compute | —t ~ | -_“" fF uw 
IDta> eri sM aa mq et 
Ya Odor . a ee oe 

Fel) [at _— 
(OSL. 2) 27.09, fork ® w ebnovse “Ol x E+! . 


nk nevip olepa emis edd ,t1 sidnt mor? mesa ed yam eA 
9 xwokveded sf3 paisixretosisdo tsdt o3 sslimie al. (OSL,a) 
.Ipsyevert 5 patxub tnemom oslogtb Isixs sdz ~ 

et +nomom elogif Ieixs edt , Saar tedto edt mo \it 
noitsups ,itnsnom slogib Isiretsupe end d3iw bexsgmoo {isms 


o4 aotsuloe eft . a at rseatl yiestsmixoigqgs et ("30L.3) 
nxot? edt to ed Libel act senieae | 


(£81.93) 


('IS£.a) 


where |B, represents the typical magnitude of the 


predominantly equatorial dipole field at the core-mantle 


interface. If |B. lies in the range 

14xto*T ¢ IBAl 4 Sx tot T (oula2) 
then 

ix to’ y. 2 at, Le 2x 107 y. (plas) 


and the time scale of variation of the axial dipole moment 
will be of the same order of magnitude as that estimated in 
(Gn. 2 0). 

Summarizing the results of this section, we may 
state that the azimuthal force term -p (2 x a) has a 
considerable influence on the temporal behaviour of the 
geomagnetic dipole moment. The linear terms in the 
equations for the equatorial components of the dipole 


moment account for the dipole wobble reported by Kawat and 


Hirooka (1967) if the kinematic viscosity at the core-mantle 


interface is of the order vv l Tee . When this value 
of v is assumed, the nonlinear terms in the equations 
for the equatorial geomagnetic dipole give rise to 
modulations on the time scale 3 x 10> years - which is of 
roughly the same order as the observed interval between 
polarity reversals during the last 50 m.y. Finally, when 


the value of v implied by the dipole wobble is used, the 
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equation for the axial dipole moment indicates that the 
axial dipole can vary on time scales similar to those which 
characterize polarity transitions. It appears, therefore, 
that a detailed examination of simultaneous solutions to 
equations (6.106)-(6.106"), with the precesstional force 
terms omitted, may well lead to a better understanding of 
dipole moment variations. However, before any great 
importance can be attached to variations predicted by these 
equations on time scales >> 104 years , it will be 
necessary to include estimates of dissipative terms, as was 
pointed out in section 5.5.1. 

We shall not carry our investigation of the boundary 


layer control approximation any further in this thesis. 
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6.4 Efitect’s® ofan inhomogeneous turbulent force 


Gistraputwon oureide the boundary layer in the geodynamo 


6.4.1 The fluctuating dynamo equations 


In the mean fteld eleectrodynamte approach, the 


dynamo equations (6.1)-(6.4) become 
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In the hydromagnettic first order smoothing approxt- 


matton, the fluctuating dynamo equations (6.124)-(6.127) 


become 
{%t -avB = By -G-yvB'-uvB + Biya (6.132) 
1%: -vutzu + 2Qxw = -Gyu' - uve + (6.133) 
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Y-Bo= 0 (6.134) 
y-ul = -—{yP/p}-u' (6.135) 


It should be noted that in these equations the density is 


not assumed to have a fluctuating component. 
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6.4.2 The first-order solution of the fluctuating dynamo 


equations 


Making use of the formalism developed in Chapter 4, 
(4.7a,b), we may 


and the Fourter-Stteltjes transforms 


rewrite equations (6.132)-(6.135) in the form 
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In dealing with these equations, we shall assume that the 


mean flow u is small enough in magnitude for the terms 


urV u' and urV Be to be treated as second-order quanti- 
ties 
The first-order equations are 
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Solving for g-ay 9) and y-ag (9) under the assumption 


R- df(k,w) = oO (6.144) 
we obtain 
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In these equations we have adopted a notation closely 


Similan lto “that used by Moffatt (1972). 
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6.4.3) Hela Citygancseya. 4oR.,. Tor jalocally isotropic 


LOrCe, distripution 


iIn-a Study of turbulent dynamo action, the principal 
quantities of interest are the turbulent intensity, the 
heltctty, and the fluctuating e.m.f. These quantities are 


given by the expressions 
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Theacirs.-order terms in the integrands in equations 
(6.149)-(6.151) can be rewritten, making use of equations 
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Under this assumption, dt and df satisfy the 
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Substituting (6.156a-e) into equations (6.152)-(6.154), we 
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As may be seen from equations (6.147) and (6.148), 
lo}? and ai are even functions of w , while Imo 
is an odd function of w. Thus, when the expressions 
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Moffatt (1972) has considered equations (6.157)- 
(6.159) in some detail, and has obtained nonzero helicity 


and fluctuating e.m.f. by assuming that 
g{k,a)- = 0 when w(ke2) < 0 (6.160) 


He has then examined the asymptotic behaviour of the kinetic 


and magnetic energy of the system in the limit of large 


times. In this thesis, however, we shall retain the assump- 
Paonia Bees .arorly eiparropte ase. 
vV(k,w) = Yy(k,-w) (6.161) 


and examine the effects of inhomogeneity and of nonzero 


mean flow. 
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eu4e¢ The second-order fluctuating equations and their 


soLutions 


From equations (6.136)-(6.139), and the assumption 
that terms involving u contribute only to second order, 


the second-order fluctuating dynamo equations are 
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Solving these equations for g-ay ‘1? and y-az we 
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where 
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The occurrence of nonzero second-order contributions 
to the helicity and the fluctuating e.m.f. is guaranteed by 
the nature of the second-order terms in (6.150) and (6.151). 


From equations (6.145) and (6.146), 
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6.4.5 Second-order contributions to y'x B" in the 


geodynamo 


It is clear from equations (6.166)-(6.168) that there 
are a large number of terms which contribute to u'x B’ in 
the second-order approximation. We shall scale these terms 
in order to determine which of them are important in the 
geodynamo. 
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(1972), and taking the estimate for the Alfvén speed, Va 


Given by Acheson and Hide (1973). “From (6.175) (6.181la), 
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Under these conditions, 


C(O] > C@] 
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[CO] > C@] 
[©] > LO] 
so that 
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(c) & > 2000 m. and ¢> 7o 
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In all three cases, (A), (B)h,gand RC) ,. term has been 


ignored. This approximation is certainly valid in the 
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geodynamo, since [©] < [@] even when the estimate 
obtained) inseetton 6.3.¢ for the effective kinematic 
viscosity near the core-mantle interface is used. 


We may also note that in equation (6.166) 
ink. vB -dyY®) 2. fice.aya- dy) 
C2ink.ya-dy™] ~ S- Lite ag-dy) 


Since Rn >> 1 ain the geodynamo, we may ignore the term on 


the left hand side. Equation (6.166) thus reduces to 


R-dy® x 8B) 4 gz + BEB) y gzer 4 
Ste (ico+7 2) = Cico+gk?)? &  ~ ae, 
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Scaling the terms in (6.187), we obtain 


}Ly-dZz] + Forse + £)ty-4z%)} 


LB-dYO] w 
Rox q CEE 
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Examination of (6.187') leads to the conclusion that the 
terms in braces on the right hand side of (6.187) can be 


neglected, provided that 
% < Rm(4/p ) (6.188) 


Equation (6.187) may then be rewritten 
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We may now evaluate the second-order terms in the 


integral .expression-for-—u'x-B‘-~in-the»geodynamo-for each 


of the three cases (A), (B), and (C). From equations 


(6.155)= and (6.146), 


{yt-dz*} xfy dz} 


IZ PY ce. 6.190 
2i | = (R-Q) ime k ( ) 


{us-dz™*}- fy dz} [35 | Sh frete* + 4c¢-077} (6.191) 


The second-order terms in the integrand of equation (6.151) 


are therefore given by 


ie 8) (U% hZO*) x CU d Z) + (U% dA 2°%)x CU- 30) 
Ciamk)L = ~ =) ee 
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i+ ik? x x = 
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In deriving (6.192), we have made use of equations (6.145), 


(OmL GO eaeciicart Obl 0) ts 


When case (A) is considered, so that dH is given 


by equation (6.184"), 
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weet 220. 
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It is therefore reasonable to neglect the last group of 
terms in (6.194) - i.e. those under the "average" bar - 


whenever 
% < Rm ~ 100 (6.195) 


(6.195) will be valid under the first set of conditions 
characterizing case (A) (see equation 6.184). 
Substituting equation (6.194) into (6.192), we see 


that in case (A) 
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Similarly, when case (B) is considered, so that 
dH 
“0 


is given by equation (6.185"), 
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Scaling the terms on the right hand side of (6.198), we 
obtain 
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The second term is dominant under the conditions specified 


Tr bel o>) a CUDSEeLCUting) (6.198) into y (6.192) 7. werobtain 


if 2> 30 1+ 9? m. , q< fo 


Re} Cys. dz0*) x(a dy) + CU® dz") x CB: dy) } 


= | Bf ce ote gte-B) Ae — imo ke 
D (n2kt4002)* 2 (6.199) 
AY 
* { w sy SAS (eB) (Reo ReD + Imo ImD) + 
IDj? Py (1 2e4+ 0?) 
(k-BY 
k?(n?k*-w") we 
Tap at 


aera (Ret Ind sme ReD)} 


Lee | ah, oan 


# 
jsi3 oz \Serebteaoo et (a) rosso | palate 


, ("281.9) Fa ia ya nevip at ole 


s { (5-4) x (4005 » .*y) prnb 


(8@1.93) 
+ @sb-U) x (*Sb-"U x #) *(8-#X0-2X 0-9) is J mb % i 
i a 7 S(ujn ‘ag “art 


7 ye yd a lCER Ay xm dea) LEX eed are re ara 
{ epee Ay ge ys) eM 


ow ,(8@f.3) to sbhie baer tipix ads no emxe3 sit paiisce 
 aksddo 


er (pr) Ane, | ape 
mA (rp+t) Foe paisa oars 
heaitiosce enoitibsos ed? 1sbme Jasatmob ei mies Bbaovse sAT 


nisido ew .(S@2.3) ofml (81.8) paisusitadve .(@81.3) mz 


| T >o . -m Fo ail o€ <3 3 
& { (yb -g) «(ER PU) + (yd gx (MED *y) foo 
Se oe ee Spee). ee (Eatzaren |S a 


(eer.a) Re *(Fcy4hsl*n) 


mb -vme si _ (Ew > csi s i 
+(d +@ Oo 2 ows ag) Speco fal | 


{Casm-vnit ~amt 09) EB (ta-tay ya eiraa 


(ore Ti 
‘The ie De law 


202 


Finally, when case (C) is considered, so that 


dH is given by equation (6.186"), 


Imf Cut dZ*) x (U-dzo)} = (6.200) 


= qm \- coed 2h (v. y* AZo + S-yP- Ys. dz") x(y- dz) + 
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Scaling the terms on the right hand side of (6.200), we 
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Under the conditions specified in (6.186), (6.182), and 
(Colo), thestirst term, onthe right hand si1devore (60200) 
is dominant when Vy > £/t . When Va <if/t faontthe other 
hand, the first term on the right hand side of (6.200) will 
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660192) Poandtassumingsthat (thesfirstetermain (6.200) is 
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if £>2kem ,%> TO (and t>I1da if Va< &/e) 
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ona. Gai tThevert fects¥oritocally isotropic turbulencte*in the 
geodynamo 


The expressions (6.204)-(6.207), along with equations 
(6.202)-(6.203'), allow us to comment on the possible 
G6frects, Of a Lurpulent, force distribution in the Earths 
fluid core. The first question which must be answered is: 
Wnat Value=of GQ te appropriate to the evaluation of the 
expressions for u'x B' ? In his study of the first-order 
terms, Moffatt (1972) has suggested that the largest 
contributions to the integration over w will come from 
the "natural" frequencies of the undamped system - i.e. from 
the frequencies at which 


Fm 


oie sd = 0 (6.208) 


[IDj“ = |p 


From equations (6.202) and (6.203) it may be seen that these 


"natural" frequencies are given by the roots of 


RBy\2 
Do = 4(k-Q)° - Rf wo - oy = Oo (6.209) 


Solving equation (6.209), we obtain the expression 
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To a very crude approximation, it follows from 


equation ((6.21L0)s that 
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The value of q implied by the "natural" frequencies is 


therefore 


Gn = Llonl/, nw \ (224%,F + Rf (Gece) 


Checking equation (6.212) against the requirements 
specified in each of (6.204)-(6.207), we see that the 
"natural" frequencies w, are likely to be consistent with 
cases (Al) and (C), but not with cases (A2) or (B). 
Assuming that the crude approximation (6.211) is valid in 
some sense as an "average" over the range of integration in 
k", we may restrict consideration to equations (6.204) and 
(6.207) when the "natural" frequencies are dominant. 

It must, however, be pointed out that the "natural" 
frequencies will not necessarily give the largest contribu- 
tions to the integration over w in equations (6.204)- 
(Oezu7ye= If Che soecetrum Fanctionn WAkFoyaeol theWrorce 
distribution vanishes in the neighbourhood of the "natural" 
frequencies, or if the spectrum function is sharply peaked 
ata "draiving” frequency Wor contributions from the 
"natural" frequencies may well be negligible. We may 


distinguish two possible sets of conditions: 


ee (ie a0.) Lela sbroad band. Spectrum nunction;. witieat 
least one of the "natural" frequencies 00 included 


in the Dandein Which WY 2S nonzero. 


b. w(k,w) is sharply peaked at one or more "driving" 


frequencies. 
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When (a) is valid, contributions from the "natural" 
frequencies will dominate the integrals in (6.204) and 
(6.207), and the approximate method of integration suggested 
by Moffatt (1972) will be applicable. Because of the 
condition (6.212), it will not be necessary to consider 
CGUglL1loOnsn (60205) 2and 6,206). celta should pe netearthatein 
the remaining two equations it will be necessary to include 
Ponte irions trom all four Jnatural. Lrequencies. .Mo7 fate 
(1972) obtains contributions from only two of these 
frequencies because of his assumption that w(k,w) 
satisfies the condition (6.160). 

On the other hand, when (b) is valid contributions 
from the "driving" frequencies will dominate the integrals 
in (6.204)-(6.207), and it will be appropriate to replace 
W(k,w) with a sum of terms of the form v (kK) 6 (w-w) . As 
there are no restrictions on q in this case, it will be 
necessary to consider all four sets of conditions (6.204)- 
(Gare Oi jas 

Because of the labour involved, we shall not carry 
the evaluation of u’x B' any further in this thesis. 
However, the principal features of the various contributions 
are already apparent from the equations in their present 
form. We shall first point out several general properties, 


shared by all four equations, (6.204)-(6.207). 
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[1] In each case, integration with respect to w over 
the range -® to +” can give a nonzero result, 
Since all the terms in the integrands are even 
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[2] In each case, the integral vanishes if n= 0. 
Thus dtsstpatiton is essential to the production of 
nonzero vee EY (eee (SectitOonmi.d.2).. “This 
property is shared by the expressions obtained by 


MOpfare Lome). 


3:1 In each case, the expression for u'x 


a-effeect at low values of the mean field, B 


It should be noted that the integrands in equations 
(6.204)-(6.207) are nearly all rotatton-dependent. The only 
exception is the second term in equation (6.205). When the 


necessary "averaging" in this term is carried out, we obtain 
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SUbgeCcecue nes congitsons. Leesa2ekiiewegq o LOO we alhie term 
may be regarded as an example of the introduction of a 
fluctuating e.m.f. (and of helicity) through large-scale 
variation of the turbulent force intensity (see the dis- 
Cusston tn section 4.3.7) s 

The various terms in the integrands in equations 
(6.204)-(6.207) nearly all depend on the presence of a 
mean flow u . The only exceptions are the second term in 
equation (6.205), discussed in the last paragraph, and the 
first term in equation (6.207). It may be shown (see Table 
17 below) that jthe second term in (6.205) is dominant when 


Bieisetarge, while the winststerm in 6.207) 01S nots “Since 


| 


may be considered large in the geodynamo, the importance 
of mean flow in turbulent dynamo action in the Earth 
appears to depend critically on the values of 2 and T 
appropriate to turbulence in the core. 

The integrands in (6.204)-(6.207) show a variety of 


dependences on B. These dependences are summarized in 


Table 17, overleaf. It can be seen from the table that most 


of the terms lead to a simple a-effect at low values of B 


However, the second and third terms in equation (6.206) have 


400 


(BIS.3) eS ee wan wan te " ‘y! 
| a ‘ nulbpres wedi Hg 20 

(abet tat]? he & £ te pS Ds i 
must eld? . OOL < Ps mo § > &% amolsibnos edt ot soetdue , 
s to noksoubosint eit 40 olGutnh MB 26 bebzsesz od yam | 
elsoe-spisl dpuoswds (ystoties to Bas) .2.m.9 poistsusoul? 
-etb oft ass) ytienstnt sorot Jnoludzss eng to molssixzsv 
«(8.8.8 sottoss nd notsesro 

enoitsype at ebnezpstmai odd ai amret evolisv edT 
& to sonese rq efit so baeqeb Ils yfrsen (TOS.8)-(BOS.3) 
nt ortet bnodse odz 1s enottqeoxs yino off . wos KDom 
odd as ,dyexpersq desl edt mi boeetoatb . (208.9) aottsupe 
aide? sas) awode od yam sr .(TOS.3) solssupo at mis? textt 
nodw tnsnimob ef (@08.3) ol ated Sroose oft sade (woled NE. 
eoate .jon at (TOS.3) mb mxed gext? odt elidw ,oprsiel of | 
eonssiogmi edd ,omsnyboep. edt ai eprsi borebienoo. od. ysm & 
ftisd edt oi mottos omsmyb staeludzot ai wos} har to 
+ bas 4 20 eoutsv ods no ylisoisicto bneqeb os Sh taal 
-et00 eft ni goneludiu3 o3 é+eduqozads 

to ytelsev 6 wode (TOS.3)- (bos 9) at abasipstat edt, 
ni beslismwea ors asonebaegeb eseeiT . g “ao “nansehaeael 
yeom ted? eldest of? mot? nose od mao 31 .iselxevo ,St sidat 
. 2 to seulev wol 36 tnstie-p elqmia s o¢ bsel amied od 70. — 
oved (308.8) moltsups ai emxed brid brs haooee of3,.tevewoR 


li ; Nee ne! 


ay sii a Ciel Os 


401 


a B~ dependence at low values of B. At high values of 
B all terms are small, but the second term in equation 
(6.205), discussed in the last two paragraphs, falls off 


more slowly with increasing B than do the other terms. 


TABLE 17 


Dependence of integrands on B in 


expressions for yx B! 


Equation Dependence on B 
Low B High B 
it 
2 
3 
A 
2 
ul 
Z 
3 
1 
2 


(6.204) 


(6.205) 


(6— 206) 


(Gr207 ) 
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We may now summarize the effects to be expected from 
a locally tsotropic turbulent force distribution in the 
Earth's fluid core. The dominant effect of turbulent 
forces outside the boundary layer is determined in large 
part by the characteristic length scale & of the 
turbulence, and by the ratio of the diffusion time on this 
length scale to the effective time scale of the turbulence. 
This ttme ratio is denoted by q. 

FESHOthe &F and@"qrVare “relatively “small"”-see 
equation 6.204), an a-effect appears at low values of B 
(the magnitude of the mean flux density). This effect 
depends for its existence on the presence of both rotatton 
and a mean flow. At large values of B, u'x B' goes to 
zero as B>. 

If both & and q are relatively "large" (see 
equatton 6.207), a rotation-dependent a-effect again 
appears at low values of B. Only part of this effect 
depends on the presence of a mean flow; the remainder 
depends on the presence of gradients of the turbulent force 
intensity. At large values of B, u'x B' again goes to 
zero. However, the part of the effect which is mean flow- 
dependent disappears more gradually than the remainder, 
going *to zero’ ag’'B eam ySther thanias| Bo pe 


Tf & is "small" while q is "large" (see equatton 


6.205), an a-effect again appears at low values of B 
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One part of this effect depends for its existence on the 
presence of both rotation and a mean flow. A second part 
depends on the presence of both rotation and large-scale 
variations of the turbulent force intensity. The remainder 
of the effect depends only on the presence of large-scale 
variations of the turbulent force intensity. At large 
values of B , all three parts of the effect disappear. 
However, the second and third parts fall off more slowly 


with increasing B than does the first ( B rie 


a) 


compared 
with B ). In general, u'x B' is unlikely to have the 
behaviour described in this paragraph if the spectrum of the 
turbulent force distribution has a fairly uniform amplitude 
over a broad band of frequencies w 

If 2 is relatively "large" and q is relatively 


"small" (see equatton 6.206), an a-effect appears only at 


very small values of B . At somewhat larger values of B , 
3 


UUSatsy? varies as B° . Both the a-effect and the 5 
effect depend for their existence on the presence of 
rotation and mean flow. All terms contributing to u'x B” 
go to zero as B ae at large values of B. In general, 
u’x B’ is unlikely to have the behaviour described in this 
paragraph if the spectrum of the turbulent force distribu- 
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6.5 Summary of Chapter 6 


This chapter is concerned with the hydromagnetic 
dynamo problem as it applies to the Earth's fluid core. 

The magnetogeostrophtc approximation is considered, and a 
general expression for the fluid velocity in the core is 
obtained, giving the velocity as a function of the distri- 
bution of body forces, the magnetic field, and the boundary 
conditions. 

The equation obtained in Chapter 5 for boundary- 
layer control of the external magnetic field is investigated 
in terms of the distribution of body forces at the core- 
mantle interface. It is shown that radial forces at the 
core-mantle interface cannot account for the observed 
temporal variations of the geomagnetic dipole moment. 
Aztmuthal forees, on the other hand, can account for these 
variations. The azimuthal force term =p (2 x x) is shown 
to explain the dipole wobble reported by Kawat and Htrooka 
(1967) if the kinematic viscosity at the core-mantle inter- 
face is of the order v %v 1-2 me/see - This term also leads 
to non-periodic variations in the axial dipole moment on 
time scales similar to those which characterize geomagnetic 
polartty transtttons. 

The effects of a turbulent distribution of body 
forces in the Earth's core are also considered. Turbulent 
forces outside the boundary layer produce a variety of 


effects. If the turbulent force distribution is locally 
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tsotroptc, the dominant effects are determined in large 
part by the characteristic length scale of the turbulence 
and the ratio of the diffusion time on this length scale 
to the effective time scale of the turbulence. In most 
cases a rotation-dependent a-effect is dominant when the 
mean magnetic flux density, B , is small. This effect 
may also depend on the presence of a mean flow, or the 
presence of farge-scale varzvation of the turbulent force 
intensity. sAt large values of 9B®, the fluctuating eum tf, 


ee BT goes to zero. The various types of behaviour 


which may occur are summarized at the end of section 6.4.6. 
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7. FINAL SUMMARY 


The principal aims of this thesis have been to 
summarize present-day knowledge of astrophysical magnetic 
fields, and to discuss the possibility of their maintenance 
by dynamo action, with particular reference to the effects 
Of Lurbulent distributions of force and of velocity. 

Chapter 1 is devoted to an overall review of the 
dynamo problem, from both the observational and the 
theoretical points of view. Schuster's hypothests concer- 
ning the magnetic fields of massive rotating bodies is also 
discussed. It is pointed out that this hypothesis has no 
experimental justification, and that it leads to incorrect 
predictions in certain cases. Extreme caution must there- 
fore be employed when the hypothesis is used to predict the 
surface magnetic fields of bodies for which no observational 
data are available. 

In Chapter 2 a review of mean fteld electrodynamics 
is presented, and the mean field dispersion relation for 
"wave" mean fields is cast in a novel determinantal form. 

a new terminology is proposed Sete several types of 
homogeneous, stationary turbulence with particular 
invariance properties. It is hoped that this terminology 
will reduce the confusion which has sprung up in recent 
years in connection with the terms tsotropic and mtrror- 


symmetric. 
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Chapter 8 is devoted to the effects of PTl-invariant 
turbulence (i.e. stationary, homogeneous turbulence whose 
average properties are invariant under space-time inversion) 
on magnetic fields which vary on scales larger than the 
turbulence correlation length and time. It is proved that 
the claim of Lerche and Low (1971) that isotropic turbulence 
in an incompressible fluid can support dynamo action is un- 
founded. Indeed, no PT-invariant turbulence can support 
dynamo action in an incompressible fluid, in the first order 
smoothing approximation. 

The decay of "wave" mean fields in the presence of 
PT-invariant turbulence is also studied in Chapter 3. It 
is found that a number of conditions must be satisfied by 
the turbulence and the mean field if spatially periodic 
mean fields are to exist. The case of tsotropitc Gausstan 
turbulence is considered in detail, and several restrictions 
on the parameters of the turbulence and the mean field are 
derived. These restrictions can be interpreted as 
restrictions on the usefulness of the Radler expanston 
(Radler, 1968; Krause and Radler, 1971) as a representation 
of the fluctuating e.m.f. u'x B' . It is also shown that 
the Radler expanston is not useful when the mean field 
oscillates with time. Several restrictions on the existence 
of spatially periodic, oscillatory, decaying mean fields are 
derived, and the behaviour of fields satisfying these 


restrictions is studied numerically. It is suggested that 
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the numerical techniques used here may well provide the 
most convenient method for investigating dynamo action 
generated by non-PT-tnvartant turbulence. The possibility 
of a dynamo with sporadic helictty is also discussed. 

Chapter 4 is concerned with nonstationary, 
inhomogeneous turbulence and its treatment within the 
framework of mean field electrodynamics. A successive 
approximation technique is developed, and is applied to 
the kinematic dynamo problem in this chapter. Later, in 
Chapter 6, the technique is used in an investigation of the 
hydromagnetic dynamo problem. The possibility of intro- 
ducing helicity through large-scale variations of the 
turbulent velocity distribution is also discussed in 
Chapter 4. In Chapter 6, an example is provided in which 
helicity is produced by means of large-scale variations in 
the turbulent body force dtstrtbutton. 

In Chapter 5 the problem of time vartattons of 
astrophysical magnetic fields is studied, and the suggestion 
is made that variations of this sort may well be subject to 
boundary-layer control in the geodynamo. This possibility 
first arises in connection with the Ma? (ny) dynamo in a 
spherical shell, which is studied in detail. A more 
general study is then carried out, making use of a novel 
representation of the magnetic multipole moments of a 
spherical current distribution in terms of the integral 


moments of the internal magnetic flux density. It is shown 
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that for the geodynamo, boundary-layer control is only 
likely for field variations on time scales less than 10° 
years. Dtpole wobble and large-scale variations of the 
axial magnetic dipole moment are shown to arise from 
certain distributions of velocity near the outer boundary 
CEerhe Barth serlutd’core:. 

In Chapter 6 the idea of boundary-layer control of 
the external magnetic field of a spherical current distri- 
bution is studied in connection with the hydromagnetic 
dynamo problem. It is shown that radial forees at the 
core-mantle interface in the geodynamo cannot account for 
the observed temporal variations of the geomagnetic 
dipole moment. However, it is shown that the slow, 
systematic decrease of the Earth's speed of rotation can 
explain the observed wobble of the geomagnetic dipole axis 

kinematic 
Uieene (Viscosity @aty the core-mantle interfaces is of (the 
Crue rey al —2 m/sec - Non-periodic variations in the 
axial dipole moment on time scales similar to those which 
characterize geomagnetic polartty transittons can also 
arise from the slow decrease of the Earth's speed of 
LOuauLon. 

The effects of a turbulent distribution of body 
forces in the Earth's fluid core are also considered in 


Chapter 6. Turbulent forces deep in the core can produce 


a variety of effects. The dominant effects are determined, 


in large part, by the characteristic length scale of the 
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turbulence and the ratio of the diffusion time on this 
length scale to the effective time scale of the turbulence. 
In most cases, a rotation-dependent a-effect is dominant 

at low values of the mean magnetic flux density, the effect 
being controlled either by the mean flow in the core or by 
gradients of the turbulent force intensity. However, under 
certain conditions other effects can be dominant. The 
relevance of these conditions to the Earth's core is 
discussed. At large values of the mean magnetic flux 
density, the fluctuating e.m.f. u'x B’ goes to zero. 


A detailed description of the types of behaviour which may 


occur is given at the end of section 6.4.6. 
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APPENDIX 1 


UNITS AND CONVERSION FACTORS 
eae ol Lunes 


In this thesis, SI units are used as a general rule. 
For convenience, a summary of units commonly encountered is 
given in Tables 18 and 19. These tables include conversion 
factors relating SI units to unrationalized c.g.s. electro- 
Magnetic units. More complete summaries are to be found 
in many standard texts. (See, for example, Stratton, 1941, 
Ppa eoi=6037 "Allens e1963, ppe P20 ssbands alg72, top pesahay 

It should be noted that in Tables 1-6, magnetic flux 
densities are quoted in gauss to facilitate comparison with 
values given in the literature on astrophysical magnetic 
fields. As may be seen from Table 19, the conversion 
factor which must be used to convert these flux densities 


tors units is 


Maye Pe De ete (eye) (Alt) 


1 gauss (G) 


LOE: tesla (T) (ACD) 


Wiedes 2 Magnetic dipole moments 


In the literature on astrophysical magnetic fields, 
Magnetic dipole moments are frequently given in gauss-om” 


(see, for example, Warwick, 1971; Sharp, Russell and 
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Coleman, 1973). This unit has the dimensions mit toot 1 


in contrast to the dimensions ten ae. quoted for magnetic 
moment in Table 19. The discrepancy lies in the definition 
of "magnetic dipole moment". In c.g.s. electromagnetic 
units, the "dipole moment" measured in gauss-em* has 
exactly the same magnitude as the "dipole moment" measured 
in oersted-cm® (On erg/gauss), provided that) = 1 
Since this condition is satisfied in most astrophysical 
Situations, we may treat astrophysical dipole moments 
given in gausasom on the same footing as those given in 
erg/gauss (ER hi Be The conversion factor to be used 
is 

1 erg/gauss = Lae ampererm- (Aem“) (AL 2) 


as indicated in-Febie 19. 


[It should be noted that several detailed discussions 


of the problem of units in electromagnetic theory have 
appeared in the last few years. A particularly useful 
account is given by F. Primdahl, in Analysis Ofmutlures an 
electromagnetism, Publications of the Earth Physics Branch, 
Department of Energy, Mines and Resources, Ottawa, Canada, 
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APPENDIX 2 


MULTIPOLE MOMENTS OF CURRENTS IN A SPHERE 


A.2.1 The multipole expansion of the external magnetic 


field 


Consider the magnetic flux density Beeduem toma 
current distribution j in a volume V whose exterior, 


V , is insulating. The magnetic vector potential at the 
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where S is the surface bounding the volume V. On §S 


the boundary condition (1.59) applies - i.e. 
na\e—"O on 5S (A2.9) 
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since 


v-B =O (A2.24) 


by, equation —(l.3) 


A.2.3 Surface terms, and theorems on spherical harmonics 


Since the expansion (A2.14) is valid on S , we may 
substitute it into the surface integrals in equation (A2.23). 
Carrying out this substitution, and making use of the 


notation (5.93)-(5.95), we obtain 
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in generals (Hobson, 1931.0 ps 144), 4f i and Yn 
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A.2.4 Expressions for the magnetic multipole moments 


Equation (A2.34) may now be substituted into 
equation (A2.23) to give the following expression for the 
Magnetic multipole moments of a current distribution in 


a sphere. 
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This expression is written out in full for m=1,2,3 
invequations, (S77) )e(5 077 9).% 

It may be seen from equation (A2.35) that the 
expression for the 2-pole moment tensor a Paes 
involves terms of two different types. The first type 
of term, represented by the volume integrals in (A2.35), 
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relates p (m) to the (m-1)-order integral moments of the 
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Magnetic flux density B in the spherical volume V. The 
second type of term, represented by the summation terms in 
(Ages 5)t, relates pp (™) to the magnetic multipole tensors 
Cimorde mene 4) yore, 2 cor. |}ose. Thus pp (m) has 


expltectt relationships only with the lower-order magnetic 


multtpole moments of the same parity (i.e. m even or odd). 


Relationships with multipole moments of the opposite parity 


will arise from the integral terms in equation (A2.35). 


A.2.5 Electric multipole moments 


The multipole expansion of the electric field is 
obtained in much the same way as that for the magnetic 


Eicld = inegeneralatheselectric iield) 3h ssaticiies 


E = =A, e - 2A/5t (A2.36) 


nw 


In@the @xtertor region VV, the, vector potential’ AT is 
given by the expansion (A2.11), while the scalar potential 


co) is given by 


4 6(¥) 
Br) = awe Jy te-¥1 7* 
= eu ya a 
¥ Heat ; {| OCH) £2 wy At 


= Fe fy ee OF"AE}- y+ (A2.37) 
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The electric multipole moment tensors, Q ™ , May therefore 


be defined as 


ams [ OCE) E" AF (A2. 38) 


re 


Subst ttgang s(AZ ls. (A2 ohn onde tA2 os) p1bO 


equation (A2.36), we obtain the expansion 


— 4 5" cy” cm) m t 
= = =e por 2a & avi Ve + (A2.39) 


There is no contribution from the zero-order electric 
multipole moment tensor 9 (9) in (A2.39) since, as shown 


in equation (5.75), 


Q™ = -€[ y-fuxBya¥ 
v 
= -¢€ y n.{uxB} as (A2.40) 


in the quasi-steady approximation. When the no-slip 


conditton (1.62) applies on S , equation (A2.40) reduces 
Go 


Qo = Oo (A2.40') 


Equation (A2.39) is the expansion used for E in WV _ in 
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APPENDIX 3 
EVALUATION OF INTEGRALS ASSOCIATED WITH INITIAL 
CONDITION I IN CHAPTER 3 


Aw3.l) integralsict eection 6.7.4 


Many of the integrals associated with the mean field 
dispersion relation studied in Chapter 3 must be evaluated 
numerically. In this appendix we shall deal with the 
integrals associated with initial condition I. 

In seectton 38.7.4 the dispersion relation for Gaussian 
isotropic turbulence and non-oscillatory mean fields is 
considered. An approximate form of the relation is obtained 
by assuming equality on the right hand side of condition 


(37105) - ivé.”- assuming that 


im 4 agg, (Ries) Ja (A3.1) 
where J. is defined in (3.107). The present author and 


Dr. K.D. Aldridge have developed a program which evaluates 
the integrabain vas.) Pechustdiving Ra as an approximate 
fiunceLon, of in O/nK- jae ins AUK , and T/QT, 


The required inputs to the program are: 


CO ea eect (ASe2) 
YNOT © esau 6b 2/ NK CASS) 
ADP =") /L = A K/2m (A3. 4) 
XUL = T/Qt, (AS.20) 
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Ry’ . 2 |, 

(1.£8) gt Cnt) = b— hbk : 

bas xordus tneasxq oft .(TOL.E) ai boniteb si <b stodw 

aosaulsve doidw mszpo1q 8 beqolevebh ovsd aybdabiIé .G.% .2G_ 
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, hal . “aoa pee ; ay ed . : 
(b. EA) mS\ALK = TNA = Raas 4. 00% i 
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NX 


half the number of integration steps (A3.6) 


The integration is carried out using a Simpson's Rule 


technique. 


ALP 


Al 


A2 


A3 


The, .pyrogram outputs .are: 


Wt 


The integral 


OMNANHNHN FUND = 
ee 
om 


21 


970 
920 


40 


ho/L 

Jo(qrA KiT), defined in (3.107) (AS. 7) 
[R'/q]*, defined by (A3.1) (A3.8) 
Ra (A379) 


in (5.107) “s* denoted. by VOLR 


PI=3e141592653 
WRITE(6%750) 

FORMAT(*NEED QsYNOT*) 
READ(5s250eEND=40 ) QsYNOT 
FORMAT(2F 1007) 
WRITE(63930) 

READ(5 +940 eEND=2) ALP 
WRITE(6s850) 

FORMATC*NEED XUL+sNX*) 
READ (55350 sEND=7) XUL » NX 
FORMAT(1F 1027813) 


FORMAT(*NEED ALP# ) (AS 0) 


FORMAT(F10¢7) 


VOL R=SIMRE( ALP» Gs YNOT » XUL NX) 
A1l=VOLR/3-6 
A2=(TYNOT-16)/(A1*Q*Q) 
A3=SQRTC(A2) 

WRITE(62920) ALP sAl2A2sA3 
WRITE(6.970) 

FORMAT(//) 
FORMAT (CF 72453E1 88) 

GO TO 3 

siGgP 

END 
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FUNCTION ENVCALP 2GsYNOT xX) 
P1=32141592653 

GX=4-e ¥*PI*PIT*XALP*ALP*X 
T=Le/(1Let2e*X) 

EX=—-X¥*X *Q*Q/204+GX*( YNOT-T) 
IF(EXeGTe170) GO TO 40 

GG TO 60 

ENV=0 

GO TO 100 
ENV=EXP (EX) *T**2.5 

GO TO 300 

WRITE(62200) EX 

FORMAT (*EXPONENT='"sF102e2) 
RETURN 

END 


FUNCTION SIMRECALPs Gs YNOT »XUL ON) 
EXTERNAL ENV 

PI=3.141592653 

H=XUL/(2e*N) 

SUME V=0 

SUMOD=0 

DO 49 J=1.N 

HOD=H*(2e6*J-1) 

HEV=H*¥(22e* 5-26) 

SUME V=SUMEV4+ENV( ALP s Ge YNOTSHEV) 
SUMOD=SUMOD+ENV( ALP 2Q2YNOTsHOD) 
CONT INUE 

FST=ENVCALP2QsYNOT30) 
FFN=ENVCALP 0Q2YNOT >» XUL ) 

SUM=4 e X¥SUMOD42¢ ¥SUMEV-FST+FEN 
SIMRE=H*SUM/3.e 

RETURN 

END 


(AS iO) 


(ASLO ) 
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A.3-2 Integrals o@eeection =o. 645 


Sectton 8.8.5 deals with conditions on the turbulence 
for stable decay to be established before significant 
energy is lost from the mean field. It is shown that the 
stabilization time T) must be less than TT” , where 


* 


T ES CeLianed shy lO, lo20 = COmbining: (o.l32) and (3. 234)., 


* 
we see that T may also be determined from the equation 


[ im, f° “EG % + GteqK *|dn 2, - wml ax 


DELT (T/¢.) Cisany? 


M 


© (A3.11) 


The program given below finds approximate zeroes of DELT 


The required inputs are: 


Op Sa sei 
ALP = A /L 
YNOT = “trialrevalLtie’ or im Anke 
(A812) 
AUL ee T/QT, 
NX = half number of integration steps 
TOL = upper limit on DELT for acceptable 


solution,o£. (A3.iAdl) 
Outputs from the program are 
OF =i 


ALP = A/L 


soneliuduyd aft no ONE 


| +: PRI ed ter re ge an ty Am oe 
tnsoitinpte e1oted bedail oe a be weseb oldate ici 
efit ted awode ei 3I biest anon ed? ox} seo ab yoxene 
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: 925 et santapee ee 
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Broke = GA “Pe 
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eidstqeoos. sot TUSC mo timit = wor 2 
(if.£A) to noisy ao g | 7 


YNOT 


ahah 


Al 


DELT 


value of Im Q/nK? for which 
(A3.11) is approximately satisfied 


value of . T/tq for which (A3.11) is 
approximately satisfied 
(A3243) 


value of R,p/q defined by Tl and 
(Gere) 


finals Waeaueof DELT 


Tt shouldbe noted that (A3.11) is in fact a 


generalization of (3.132)), since the upper limit of inte-— 


Gradtion in (3.132)€haes- been allowed to go to © . 
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920 


40 


— 


PI=32141592653 

WRITE(62750) 

FORMATC®* NEED QsALPsYNOT »XULeoNXeTGL®? ) 

READ(S52250,END=40 ) QeALP»sYNOT »s XUL» NX TOL 

FORMAT(4F10.7+133sF1007) 

TPA=2 e*PI*ALP 

YP=YNOT#+TOL*{(YNOT-1.) 

YM=YNOT-TOL*(YNOT—-1.) 

VOLP=SIMRE(ALP2QsYP2XUL»NX) 

VOLM=SIMRE(ALPsQsYMeXULsNX) 

VOLR=SIMRE( ALP oQeYNOT oXUL o NX) 

DEL T=TPAXTPA*YNOTXVOLR—-1-. 

IF (ABS(DELT) eLTe TOL) GO TC 311 

DDEL=TPA*TPA*(VOLR-YNOT *( VOLP—VOLM)/( 2. *TOL* 
(YNOT—-1e))) 

IF(DDELe~EQe0) GO TOC 2 

YNOT=YNOT—-DELT/ODEL 

IF(YNOTeL Tele) GO TO 40 (A3- 14) 

GO TQ 25 

TI=Q/ ( TPA*XTPA*YNOT ) 

A1=TPAXSQRT (3 e* YNOT*(YNOT—10))/90 

WRITE(62920) QeALPsYNOT.2T12A1,DELT 

FORMAT (2F7 e4sF7T7eS5 es 3ELBe8s//) 

GO TO 2 

STOP 

END 
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FUNCTION ENVCALP 2 Qs YNOT>X) 
PI=32141592653 

GX=4e*PI*PI *ALP*¥ALP*¥X 
T=1Le0e/(1L0et+2e%*X) 

E X=—-X¥*X*Q*Q/20e+GX¥*¥( YNOT-T ) 
IFCEXeGTe170) GO TO 40 

GO TO 60 

ENV=0 

GO TO 100 
ENV=EXP(EX)*T**225 

GO TO 300 

WRITE(62200) EX 
FORMAT(*EXPONENT=* 5F1002) 
RETURN 

END 


FUNCTION SIMRECALP.GsYNOT oXULsN) 
EXTERNAL ENV 

PI=3e141592653 

H=XUL/(T20*N) 

SUMEV=0 

SUMODD=0 

DO 49 J=15N 

HOD=H*¥(20¥*J5-1) 

HEV=H*(2.0* J-2.e) 

SUME V= SUME V#ENV( ALP 3 Qe YNOT SHEV) 
SUMOD= SUMOD#ENV( ALP 2s Qs YNOTsHOD) 
CONTINUE 

FST=ENV{(ALP 5QsYNOT20) 
FFN=ENVCALP 9QeYNOT >» XUL) 

SUM=4 e *SUMOD+2¢ *SUMEV—-FST +FFN 
SIMRE=H*SUM/3 6 

RETURN 

END 


(A3.14') 


(A3.14") 
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fae.3 Integrals otece ci1.04. 6.94 2 


When the dispersion relation for Gaussian isotropic 
turbulence and oscillatory mean fields is considered, the 
integrals to be evaluated are those defined in section 
5.9.2. The techniques of the last two sections can be 
used in the case when the approximate dispersion relation 
(3.143) is to be solved. The subroutines given below 
evaluate the integrals in (3.144a) and (3.144b) by a 
Stmpson's Rule technique similar to that used in (A3.10"). 


The required inputs are: 


ALP = d/l 
= 2 
BEP = T nk Von 
5 (A315) 
ZNOT = Re 2/nK 
re Z 
YNOT = Im 2/nK 
Nus=spelhtalt number of integration points 
and the outputs are: 
SIMRE = 33 5p , defined in (3.144a) 
(ASwicG) 
SIMI Mee ou , defined in (3.144b) 


2 L 
The subroutine ENV is included for completeness. 

No outline is given here of the methods used in 
searching for solutions to (3.143a) and (3.143b). See 


seetton 3.9.4 and Appendix 4. 


482 


ee 
- i Hy 
Gh 7 

. ByR 

Pu bee 

oigortost SAEeeee: SE 
eit ,betebiemoo ef snd ake As -: 
sobtses at benitsh esolt ots Rhy Be Oe 
ad nso enolisee ows #88 sd¥ 30 Beupiiitost edt oe — 
noiteiet aofereqeth stominotqqs odd meriw Saso edt at beew 


rr & 


woled asvip sentivoxdya edT .Bevioe ‘ed ot ei (ebf.€) aac 
2 yd (ddbL.€) brs (e801.€) nt elszpetat oft stsulsve ; 
" t 
.("OL.€8) nt Boaw Jedd oF asfimfe ovptnrdses atu 5 noogate oy 
:9%6 nine bextupex SHT 


“4 
I\k | ts ‘quiA v2 : 

Le é dé 
, : <a, a 
nS\ "ant = a io rd 
(21.€A) te 5 Apis da’) oe 

. an\k of = TOUS o.. 

. \ os oF * 

San\q m= = Tomy a4 

4 , ar, 
etniog notss1pegnt Io xedmon Iisd = M et 


be 


191s hedeaace edt Sas A 


(sbOL.E) ami bentteb , as ve = gAMIe 


(31 .€A) | : 
(ddOI.€) mi bomtteb , ,.cE = MIMIE y 


.8eenstelqmos sot bebulont et VMS entsuoxdue sald 

ni boy eboddem sit 2o ered mevip at entisvo ae i" 
oo@ .(d€bL.€) bas (s€S1.£) of enoljuloe x02 pnidorsee 
* ciao bas rats 40 met 


- 
3 


See 


56 
of 
58 
59 
60 
61 

62 
63 
64 
65 
66 
67 
68 
69 
70 
Tou 

we 
re 
74 
ihe) 
76 


49 


49 


FUNCTION SIMRE( ALP.BEP» ZNOT »s YNOT+s XUL »NoK) 
EXTERNAL ENV 

PI=32141592653 

H=XUL/(2¢*N) 

SUME V=0 

SUMOD=0 

DO 49 J=1.N 

HOD=H*(2e*J-1) 

HEV=H*(2 e* J—2 6) 

COSE V=COS(2¢*PI*BEP*ZNOT*HEV) 

SUME V=SUMEVtENVCALPsBEPs ZNOTs YNOTsHEVsK) *COSEV 
COS CD=COS (2.*PI*BEP*ZNCT*HOD) 
SUMOD=SUMODtENVCALP,BEP. ZNOT+s YNOT »sHODsK )*COSOD 
CONTINUE 

FST=ENVC ALP. BEP».ZNOT ce YNOT 200K) 
COSLST=COS( 2. *PI*BEP*ZNOT *XUL) 

FFN=ENV{( ALP» BEP »ZNOT s YNOT » XUL 9K) XCOSLST 
SUM=4 6 *SUMOD+2* SUME V—-FST+FFN 
SIMRE=H*SUM/3.6 

RETURN 

END 


(ASR?) 


FUNCTION SIMIM( ALP» BEPs ZNOTs YNOT» XUL oN) 
EXTERNAL ENV 

PI=32141592653 

H=XUL/(2 0*N) 

SUME V=0 

SUMOD=0 

DO 49 J=1eN 

HOD=H*(2e*J-1) 

HEV=H*¥(2e*J—-2e) 
SINEV=SIN(2¢*PI*BEP*ZNOT*XHEV) 

SUME V= SUME V#ENVC ALP sBEPeZNOT es YNOT sHEV) *¥SINEV 
SINOD=SIN(2¢*PI*BEP*ZNOT*HOD ) 
SUMOD=SUMOD+ENV (ALP sBEPs ZNOT » YNOT s HOD) *S INOD 
CONTINUE 

FST=0. 

SINLST=SIN(2¢*PI*BEP*ZNOT *¥XUL ) 

FFN=ENV( ALP »BEP oZNOTs YNOT »XUL) *SINLST 
SUM=4 e *SUMOD4+2*SUMEV—-FST+FEN 
SIMIM=H*SUM/ 3-6 

RETURN 

END 
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FUNCTION ENV( ALP» BEP»,ZNOT » YNOTs XN) 
BEPX=BEP*X 

PI=32141592653 

PAL PSQ=PI*ALP*ALP 

T=PALPSQ/ (PALPSQ4BEPX ) 
EX=—-X¥*¥X/2et+2.*PI*BEPX*( YNOT-T) 

IF (EX eGTe2170) GG TG 40 

GO TO 60 

ENV=0 

GO TO 100 

IFCNeEQe0) ENV=EXPCEX )*T*¥265 
IF(NeGT20)} ENV=EXPCEX D*XT* 22 65 *X*¥N 
GO TO 300 

WRITE(6s200) EX 

FORMAT ( *EXPONENT=® »Fl0ce2) 

RETURN 

END 
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APPENDIX 4 


EVALUATION OF INTEGRALS ASSOCIATED WITH INITIAL 
CONDITION IJ IN CHAPTER 3 


Nabe dk ~ Uibere mnteqralSmOl TG cicelonmowl Usd 


In this appendix we shall consider the numerical 
solution of equations (3.165a) and (3.165b). The program 
described here was developed by the present author and 
Dr. K.D. Aldridge to obtain the results plotted in 
Figures 16-21. 

The integrals in equations (3.165a,b), corresponding 
to the case of Gaussian turbulence in an incompressible 
fluid, are not in the most convenient form for numerical 
evaluation. We shall first obtain an explicit expression 
fone .0 .) | Combiningscduationss(3.42) sand) (3.43)),and 
carrying out the integration, we have 

ae ap (cee 
, Ci+ ¥?- p+ 2¥€cosO) + iv 


= ¥ [ C—x*) dx 


X + 2x 
= 3 Eas 1) Vee wols 
274 x + (x7-1)- $ hn ai j (A4.1) 
where 
x = cos 9 (A4.2) 
X = oe hie Sue + iv} (A4. 3) 
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Defining 

F= t+ -p (A4.4) 
so that 

X= iF+iv} (A4.5) 


we may take real and imaginary parts of (A4.1) to obtain 


Re@ = FE + L¥CFt-vt- 43") Pret 


CF+2F)2 +? 
4 fv 


F2-4¥2 492 (A4. 6a) 


- SF¥V toi! } 


A = 2 (F-2¥)? +y? 
qm ® ve + Fy tn | | + (A4.6b) 


+ + ¥(F?-y?-4¥7) tan"! al 
F2-4F74 yp? 
Further simplification of the integrals in (3.165a,b) 
can be obtained by making use of the fact that Re 0 is 
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or 
Re 63tes> os (A4 ° 9a) 
a Fao f ay Re@ fe tons (vere) | 
° 
© i er LOK Ds (Rea) F 
(3.165) 
at T 3-65) (A4. 9b) 


2 —@ 1 2 
= [dv dz dm Ofc slant e(vs Keay], 
c ° ra en a LOcK#)"4 Cv ReBRe)*] | 


Equations (A4.9a,b) show the form of the integrals in 


(3.165a,b) used in the program. 


A.4.2 The nature of the program 


A brief outline of the numerical search procedure 
used is given in section 3.10.2.: The integrations in 
(A4.9a,b) are carried out using an n-point Gaussian tech- 
nigue. The first input required by the program is a 
ibabihealiakog (ape the Gaussian points and weights to be used. 

A convenient form for the storage of this data is shown in 
sectton A.4.4. 


The next set of inputs required is listed on line 


670 of the program (see sectton A.4.3). For example, 
EPYl = fraction of the peak value of the integrand 
tn (A4 s9a,D) pelow which Contributions from 

the region near §&€ = 0 can be ignored 


Similar definitions apply to EPY4 , EPGl , and EPG2 
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These quantities refer to the regions — +” , y+2+0, and 


v +> © , respectively. In most cases it was assumed that 
EPY1 = EPY4 = EPG] = EPG2 = 0.0001 (A4.10) 


The last input requested in Zine 3870 - the "number of steps, 
K" - is a measure of the "fineness" of the search for the 
point at which the value of the integrand drops to a frac- 
tion EPY(z) or  EPG(z). of its.peak value. In general, .it 
was assumed that 


K = 80 (A4.10') 


The remaining inputs are as follows: 


ZNOT = Re Q/nK? 
> 2 
YNOT = Im 2/nK 
STALF = initial value of A /L 
ALFSTP = increment in A /L 
(A4.11) 
IALF = number of steps in A /L 
STBET c=oeimnptidlevalueeol T nk? /2m 
BETSTP = increment in T NK?/2n 
IBET = number of steps in TnK*/2m 


For convenience in calculation, A/L and t nk? /2n values 
are multiplied by a factor VY2-n in lines 480-520. The 


program then works with the quantities 


ALFA “= JAE = hK/ v2 (A4.12) 
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The program carries out the necessary integrations in 
lines 530-2080, with the integrand of (3.165a) being split 
up into three parts, as described in eectiton 3.10.2. The 
values of the integrals are then combined in lines 2090-2150 


to give 
RAT TO@e = Uo ce Get 1 neds tet oreo 6) (A4.13) 


RNEDS a= Rn (A4.14) 


In lines 2160-2610, the program searches for zero crossings 
in D. If a zero crossing is found, a linear interpolation 
is performed to locate the zero approximately. The inter- 
polation is carried out between the value of D at (ALFA, 
BETA) and the value at (ALFA+ALFSTP, BETA), for a given pair 
of values (ZNOT,YNOT). Finally, the position of the inter- 
polated zero in D is used to give an approximate inter- 
polation between the values of ALFA and RNLDS on either 
Side of the zero crossing (see lines 2460-2540 and 2320- 
Boa). 

The output of the program is a tabular display of 
the form shown overleaf. If a zero crossing has been found 
in D , the values of D on either side of the zero are 
displayed as Dy and dD. F tga sae and Bo fear are 


then the approximate interpolated values of ALFA and 
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The program then asks if iteration is required 
(line 2870). If an integer N is read in at this point, 
a successive iteration of the interpolation will be carried 
out. The values of D and RNLDS corresponding to 
ALFA = a. are calculated, and the new value of D 


cer. 


(say Der) is used to determine whether the zero in D 


lies between D and D or between D and D 
L new new 2 
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A new interpolation is then carried out between the appro- 
priate pair of values. The interpolation is iterated N 
times, and a new set of output values is generated. 

If further interpolation is not required, a blank 
read in at line 2880 will send the program back to ask for 
a new set of ALFA and BETA values. 

It should be noted that the values of ALFA and 
BETA presented in the output have been re-converted to the 
input. form, @so tthat 


ALFA = r /L 
= (A4.16) 


BETA Tn? /2n 


I 


The factor «25 «iSeincluded in the defxnition of BETA Zzs50 
that 


BETA: ZNO a= [t nk*/2m] + [Re Q/nK7] 


T,*Re O7 2h 


= tee (Ad. 17) 


A.4.3 The program 


The program described in the last section and in 


sectton 8.10.2 is listed on the next few pages. 
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A.4.4 Gaussian points and weights 


The Gaussian integration points and weights required 
by the program listed in the last section can be stored ina 
particularly convenient form, as shown below. If the data 
is kept in a file "PTSWTS", the instruction 

_CONTINUE WITH PTSWTS (800,804) RETURN (A4.18) 
will provide the program with the information required for 
amin—-point integration gvaiith 2a) 8. .e7Similbarly/ cif <PTSWTS 
(1600,1608) is used in place of PTSWTS (800,804), the program 
will be given the information required for an integration 
with n= 16. The points and weights listed are taken from 


Abramowttz and Stegun (1964). 
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